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Abstract
Pure theories of AdS3 quantum gravity are conjectured to be dual to CFTs with sparse spectra
of light primary operators. The sparsest possible spectrum consistent with modular invariance
includes only black hole states above the vacuum. Witten conjectured the existence of a family of
extremal CFTs, which realize this spectrum for all admissible values of the central charge. We
consider the quantum corrections to the classical spectrum, and propose a specific modification of
Witten’s conjecture which takes into account the existence of “small” black hole states. These
have zero classical horizon area, with a calculable entropy attributed solely to loop effects. Our
conjecture passes various consistency checks, especially when generalized to include theories with
supersymmetry. In theories with N = 2 supersymmetry, this “near-extremal CFT” proposal
precisely evades the no-go results of Gaberdiel et al.
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1. Introduction and Summary
The AdS/CFT Correspondence [1] states that every theory of gravity in Anti-de Sitter space
(AdS) is dual to a conformal field theory (CFT) which lives on the boundary of AdS. Not every
CFT, however, is dual to a semi-classical theory of gravity. This can be understood most precisely
in AdS3/CFT2, where the CFT central charge is equal to the AdS radius in Planck units [2]
c =
3`AdS
2GN
. (1.1)
We must therefore require that c is large if we want to have a semi-classical bulk dual.
This constraint is not enough, however. Light operators in the CFT correspond to perturbative
bulk fields in AdS, so one must require that the CFT should not have too many light operators if
the bulk theory is to remain under perturbative control. It is interesting, therefore, to attempt to
find CFTs whose spectrum of light states is as sparse as possible. Such CFTs can be regarded
as UV complete theories of AdS gravity which have the property that the regime of validity of
semi-classical pure Einstein gravity extends to as high energy as possible. Optimistically, one might
hope to find a “pure” theory of gravity which contains only graviton degrees of freedom below
the Planck scale. This was the strategy proposed by Witten [3].1 Further motivation for studying
this case is the apparent universality of many features of semi-classical gravity, independent of
their matter content. So pure gravity gives insights into the universal features of the gravitational
sector of an any semi-classical gravity theory.
In AdS3, such a constraint is particularly appealing since it would imply that the low-
energy degrees of freedom include only boundary gravitons, whose spectrum and interactions are
completely determined by the Virasoro symmetry. Thus, at low energies the theory is completely
fixed by its central charge. At high energies, black hole states enter the spectrum. Their dynamics
are not known to be fixed by symmetry and are notoriously difficult to understand. Indeed, it is
not entirely clear that one can make sense of an AdS theory whose action is purely gravitational,
or exactly where the first black hole states should enter in such a theory. One can take as
guidance semiclassical and perturbative calculations, but a satisfactory non-perturbative definition
is lacking. The main focus of this paper is an improved quantitative estimate for the spectrum of
black hole states in a pure gravity theory.
As an example of the power of this technique, let us first consider a chiral conformal field
1More generally, there has recently been significant progress in understanding the emergence of semi-classical
gravitational behavior purely from constraints directly on the spectrum and OPE coefficients in CFTs; an incomplete
list is [4–6], [7].
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theory, i.e. a theory with only right-moving degrees of freedom.2 Modular invariant, chiral CFTs
have central charge c = 24k with k an integer, and all states have integer conformal weight h.
The vacuum energy is normalized to have h = −k. Modular invariance and holomorphicity then
imply that the “light” or “polar” (−k ≤ h < 0) spectrum in such a theory completely determines
the “heavy” (h ≥ 1) spectrum. In [3], Witten conjectured that pure gravity should be described
by a CFT whose light spectrum includes only gravitons, i.e. Virasoro descendants of the vacuum:
Zk(τ) = q
−k
∞∏
n=2
1
1− qn +O(q) . (1.2)
A theory with partition function (1.2) is known as an extremal CFT. At k = 1, there exists
a (possibly unique) theory with this partition function, which is the Monster CFT of Frenkel,
Lepowsky and Meurman [10]. At k ≥ 2, despite many attempts, no extremal CFTs have been
found. This failure may reflect the non-existence of k ≥ 2 extremal CFTs.3 It may, however,
simply reflect the fact that the space of chiral CFTs becomes much more complicated as one
increases k. For example, while at c = 24 there are (under reasonable assumptions) only 71
possible chiral CFTs [15], at c = 48 the number of possible theories is at least 10120.
A key motivation for Witten’s extremal CFT conjecture was that the lightest BTZ black hole
has zero classical horizon area, and hence vanishing Bekenstein-Hawking entropy; by AdS/CFT,
this maps to an absence of primary states at h = 0. However, as already noted in [3], the
extremality proposal might be too strict. In this paper, we will argue that condition (1.2) is
too extreme because the massless BTZ black hole receives quantum corrections to its entropy.
Specifically, we will show that already in gravitational perturbation theory, one can obtain an
estimate for the number of black hole states at h = 0, and that it is generically positive and
grows exponentially with
√
k. Correspondingly, in constructing the partition function of the CFT
dual to pure gravity, the extremal CFT partition function (1.2) should be supplemented by an
additional constant:
Zk(τ) = q
−k
∞∏
n=2
1
1− qn +O(q
0) . (1.3)
We call such theories “near-extremal CFTs.” More generally, one might use this term to denote
any CFT whose spectrum is extremal, plus a small number of operators near threshold; such a
CFT would still be dual to pure gravity in a a semi-classical limit. In this paper, we use the term
narrowly, adding states only exactly at threshold.
2Such a theory would be dual not to pure Einstein gravity but instead to chiral gravity [8]; the precise relationship
with extremal CFTs was described in [9].
3We refer the reader to [11–13] for a discussion of potential constraints on extremal CFTs, and [14] for construction
of some extremal CFTs with supersymmetry at low central charge.
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We will now describe our findings in more detail. We first list our gravity results according to
the strength of our arguments, from least to most speculative; these are followed by an independent
result derived in chiral CFT:
Quantum corrections to SBH(h ≥ 1)
For very massive black holes, which have h k, the number of black hole microstates is given
to good approximation by the Bekenstein-Hawking entropy A4GN . However, the entropies of
“small” black holes, whose radius is small compared to the AdS curvature radius, have significant
deviations from the classical formula. We will show that these corrections are in fact comparable
to the leading area law contribution for states near threshold. In particular, for states with
1 ≤ h k the loop corrections to the black hole entropy become important. This correction takes
the form
SBH(h) ≈ 4pi
√
k
(
h+
1
24
)
, (1.4)
at large k, where the 124 is absent in the classical formula for the entropy. At h ∼ O(1), this is not
a small correction: it is parametrically the same size as the classical entropy, and clearly larger
than logarithmic corrections that are usually considered. This is very similar to the corrections to
black hole entropy for four dimensional string compactifications described in e.g. [16–19].
In fact, one can see that this correction must be present, by looking at states just above
threshold. As already noted, imposing that the polar spectrum of the gravitational partition
function is populated only by boundary gravitons fixes the black hole spectrum above h = 0 due
to the constraints of modularity and holomorphicity of the partition function. An unambiguous
computation of the resulting entropy of primaries at low values of h ≥ 1 is then possible, and
shows that the above correction to the area law is necessary; see Figure 1. Similar results hold in
N = 1 and N = 2 supergravity.
Quantum corrections to SBH(0): Perturbative conjectures
The limit h→ 0 corresponds to the limit where the classical black hole radius vanishes, and the
entire entropy can be thought of as coming from quantum effects. At h = 0, the number of states
is not uniquely fixed by the number of states at h < 0 and the constraints of modular invariance.
Moreover, it is not clear that one can trust perturbative calculations around the semi-classical
background with zero size horizon. Nevertheless, we will find that the entropy SBH(h) that is
valid for h ≥ 1 can be computed to all orders in 1/k and has a smooth continuation to h = 0. In
the cases of pure non-supersymmetric gravity, the resulting entropy is
SBH(0) = log
[
2
√
3
(
e
pi
6
√
24k−1 − epi6
√
24k−25
)]
. (1.5)
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We conjecture that this is the correct number of states up to non-perturbatively small corrections
in k (i.e. corrections of the form e−αk for some α).
As a strong check of this conjecture, we perform the analogous computation in N = 1
supergravity, for which we obtain
SBH(0) = log
[√
2
(
e
pi
√
k∗
2
− 1
16 − epi
√
k∗
2
− 9
16
)]
(N = 1) , (1.6)
where k∗ ≡ c12 is an integer. In this case, there is a bound due to Witten [3] on the number
of black hole states at h = 0. It is an upper bound for k∗ odd and a lower bound for k∗ even.
At large k∗, it varies smoothly as a function of k∗ and can therefore be thought of as rapidly
oscillating between being an upper bound and a lower bound. Assuming the actual entropy SBH(0)
is a smooth function of k at large k, the bound completely fixes SBH(0) up to non-perturbatively
small corrections. We find that this prediction exactly matches (1.6)!
At N = 2, a similar result holds, and one can perform additional checks as well. In this case,
the superconformal algebra contains an R-current J , so one can consider charged black holes with
R-charge `. The classical black hole radius is controlled by the quantity h − 3`22c . A powerful
constraint is that the graded Ramond sector partition function with (−1)F inserted must be a
weak Jacobi form. The analysis of [20] used this fact to argue that at large c, one is forced to
have additional “black hole” states for negative values of the classical black hole radius, in the
regime −18 < h− 3`
2
2c < 0. We calculate the correction to the black hole entropy at h >
3`2
2c and
find a shift similar to the 1/24 in (1.4):
SBH(h, `) = 2pi
√(
c
6
− 1
2
)(
h− 3`
2
2c
+
1
8
)
. (1.7)
Extrapolating into the regime h < 3`
2
2c , this predicts that there should be states exactly in the
window where the analysis of [20] found that they are required.
Quantum corrections to SBH(0): Non-perturbative conjectures
Finally, one would ideally like to predict the non-perturbatively small corrections in SBH(0) and
determine its value exactly. Any such conjecture must of course give a non-negative integer, and
furthermore in a large k expansion it should agree with the “perturbative” conjectures (1.5),
(1.6).4 We explore a number of possible conjectures, but ultimately find none of them to be fully
satisfactory. Nevertheless, we find tantalizing hints of structure that could point the way towards
4For N = 1, this agreement must hold since, as we show, (1.6) can be uniquely fixed by the bound in [3]. For the
non-supersymmetric case, this constraint is only as strong as the evidence in support of (1.5).
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a complete conjecture for all values of c.
Our efforts (in Section 5) can be briefly summarized as follows. First, we analytically continue
the gravitational Rademacher sum, which uniquely determines the density of states with h > 0
given the perturbative spectrum, to h = 0. This can be done in a very natural way that yields
a non-negative integer for all k.5 However, its large k expansion appears not to agree with the
more rigorous determination of the perturbative expansion leading to (1.4). Taking another tack,
we then analyze the generating function of partition functions in the space of chiral CFTs whose
polar spectra match that of pure gravity. This does not lead to a sharp conjecture for NBH(0),
but shows that NBH(0) is directly related to the modularity properties imposed on such an object.
Modular transformations in the space of theories relate small and large radius gravity, so this
would be a fascinating route to a complete conjecture.
Optimistically, the partition function of pure gravity should be determined by a sum over
geometries. While in pure Einstein gravity the sum over geometries appears problematic [21, 22],
the sum can be made precise in the case of chiral gravity [9]. The torus partition function is
then computed in terms of a sum over 3-manifolds with torus boundary. The sum over torus
handlebodies gives an expression for the partition function in terms of a Rademacher sum. One
interesting possibility is that it might be necessary to include additional saddles in this sum which
modify only the constant term in the partition function. Such geometries were already identified
in [21], where it was noted that saddles with cusps solve the local equations of motion. Although
we will not attempt to compute their contribution to the path integral precisely, since the loop
corrections are difficult to compute, these saddles would naively contribute only to the constant
term in the partition function.
Small black holes from modularity in chiral CFT
In Section 6, we briefly turn to the CFT side. We do not attempt to explicitly construct near-
extremal CFTs, largely due to the absence of a sharp non-perturbative conjecture for the number
of states at h = 0 at all k. However, by combining the powers of holomorphy and modularity, we
are able to prove the following: in a chiral CFT with c = 24k and at least one spin-1 current, the
number of Virasoro primaries at level k above the vacuum, call it Nk, is bounded from below,
with a lower bound that grows exponentially with
√
k. At large k, and to leading order,
Nk & e2pi
√
ceffk
6 (1.8)
5In the non-supersymmetric case at k = 1, it yields NBH(0) = 24 rather than zero, which indeed lies in the discrete
set of allowed values at k = 1 [15]. This would uniquely select the Leech lattice CFT as the holographic dual, rather
than the Monster CFT.
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where ceff counts the number of light primaries in the CFT. The derivation utilizes modular
properties of the current two-point function on the torus. This may be viewed as a CFT
derivation of small AdS black hole degeneracies, and supports the perspective that our pure
gravity calculations do describe the gravitational sector of more general theories containing small
amounts of matter. A tempting extrapolation of this result would be that all sparse theories at
large k must have an exponential density of threshold primaries, whether or not they contain
spin-1 currents; this would, among other things, rule out large k extremal CFTs. We leave a
proper look into this speculation for future work.
The remainder of the paper is organized as follows. In Section 2, we describe the case of pure
gravity. In Sections 3 and 4, we generalize to “pure” N = 1 and N = 2 supergravity, respectively.
In Section 5, we discuss the possibility of extending the perturbative expressions for the partition
function of pure gravity theories into an exact, non-perturbative conjecture. Finally, in Section 6,
we derive a constraint on the number of threshold primaries from chiral CFT. Appendices collect
various calculational details supplementing the text, and some modular background material.
2. Non-supersymmetric Near-Extremal CFTs
2.1. Classical Action
To calculate the entropy of states at a given energy, one may attempt to compute the torus
partition function Z(τ) by evaluating the path integral for the action
I =
1
16piGN
∫
d3x
√
g
(
R+
2
`2AdS
)
(2.1)
with boundary conditions given by a fixed modular parameter τ (see e.g. [23] for a review). Saddle
points of the action are quotients of AdS3 [21, 24]. Subleading contributions come from boundary
gravitons, which can be neglected at leading order in large k (with h/k > 0 fixed). The black
hole solution is related to the vacuum by a modular transformation τ → −1/τ , so in fact the
leading entropy is given by taking the contribution q−k of the vacuum to the partition function,
performing the modular transformation, and taking a Laplace transform. Since this procedure is
identical to the derivation of the Cardy formula, the results are identical as well:
SBH(h) = 4pi
√
kh+ 4pi
√
kh¯ =
ABH(h)
4GN
. (2.2)
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At h = 0, the Schwarzschild radius,
r+ =
`AdS
2
√
h
k
= 8
√
hkGN , (2.3)
and therefore the classical entropy of the black hole, vanishes. This was part of the motivation
to set the number of black hole states in pure gravity to zero at h = 0 in [3]. Of course, even
perturbatively (2.2) has quantum corrections, and it should have non-perturbative corrections as
well. Therefore, as noted in [3], it may not be necessary to take the prediction (2.2) so literally.
2.2. Quantum Corrections
Before considering the one-loop correction to the black hole entropy, it is useful to review the
one-loop correction to the partition function for the AdS vacuum, since the latter is relatively
transparent and the two are related by a modular transformation. The exact gravitational partition
function for the (thermal) AdS vacuum saddle plus boundary excitations is essentially fixed by
Virasoro symmetry to equal the Virasoro vacuum character [21],6
χvac(τ) = q
−k
∞∏
n=2
1
1− qn ≡ q
−k
∞∑
h=0
dhq
h (2.4)
where dh is the number of Virasoro descendants h above the vacuum at level −k,
dh ≡ p(h)− p(h− 1) , (2.5)
and p(h) is the number of integer partitions of h. Taking the log of ZTAdS = χvac, it is easy to
see its order-by-order structure in a 1/k expansion:
logZTAdS = −k log q −
∞∑
n=2
log(1− qn). (2.6)
There are no terms proportional to inverse powers of k, so the contribution from the vacuum
saddle is one-loop exact.
The perturbative calculation of black hole entropies has an analogous form. Given any partition
function of the form
Z(τ) =
∞∑
h′=−k
Ch′q
h′ , (2.7)
one performs a modular transformation, then a Laplace transform, to obtain the microcanonical
6Henceforth we focus only on the chiral half of all entropies, partition functions, and so on. We will note as
necessary when a result is specific to chiral gravity.
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BTZ black hole entropy [21]. Whereas the semi-classical result follows from a modular transfor-
mation of the vacuum contribution, the loop contributions also receive contributions from the
vacuum descendants. The final form is
NBH(h) = e
SBH(h) = 2pi
∞∑
h′=−k
Ch′
√
−h′
h
I1(4pi
√−hh′), (2.8)
In pure gravity,
Ch′ = dh′+k , h
′ < 0 (2.9)
Taking just the vacuum h′ = −k contribution in (2.8) and expanding at large h or k obtains
SBH(h) ≈ 4pi
√
hk +
1
4
log
k
4
− 3
4
log h+ . . . . (2.10)
The naive expectation is that contributions in (2.8) with h′ > −k are exponentially suppressed
due to the Bessel function factor I1(4pi
√−hh′) ∼ e4pi
√
|hh′|. However, the coefficients Ch′ are also
growing exponentially, and for small h/k this growth overwhelms the Bessel function decay. Using
the Hardy-Ramanujan formula for p(n), we can approximate NBH(h) as
NBH(h) ∼
0∑
h′=−k
e
2pi
√
1
6
(h′+k)− 1
144 e4pi
√
h|h′| (2.11)
where we approximated the number of Virasoro descendants at level x by its Cardy growth,
e
2pi
√
1
6
x− 1
144 . We then approximate (2.11) by saddle point. In particular, the saddle occurs at
h′ = −h(24k − 1)
1 + 24h
. (2.12)
In the limit of large h and k with h & k, the saddle point therefore occurs at h′ ≈ −k+ k24h + · · · ≈
−k, so indeed the contribution from the vacuum dominates. However, when h/k is small, the
saddle point moves away from h′ ≈ −k and gives
SBH(h) ≈ 4pi
√(
k − 1
24
)(
h+
1
24
)
, (h k) (2.13)
so the argument of the square root is shifted. At large h, k, this shift clearly produces a correction
that is O(1/h, 1/k) suppressed compared to the leading term (2.2). However, when h ∼ O(1), the
correction produced by this shift is comparable to the leading term even at large k, and so there
is no reason to neglect it. This is one of our main results.
Recall that the classical Schwarzschild radius in AdS3 for an extremal spinning black hole
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Fig. 1: Blue dots: Ratio of the exact black hole entropy at h = 1 to the prediction of Bekenstein-
Hawking, computed up to k = 1000. For the first few values, k = 1, 2, 3, 4, Nh=1 appears to be
approaching the Bekenstein-Hawking prediction, but continuing to higher k one sees that Nh=1
actually overshoots it. Black solid: The same ratio approximated with (2.8), with the sum cut
off at 0. This corresponds to taking only the perturbative part of the entropy at large k, and
is an extremely good approximation. Red dashed: The asymptotic value of the ratio at large k,√
25
24 ≈ 1.02; see (2.13).
is given by (2.3), where `AdS is the AdS curvature radius. So the correction can be large
even for black holes that are much larger than the Planck radius, `P ∼ GN . Black holes with
h < k are sometimes called “enigmatic” black holes and can have other unusual thermodynamic
properties [5, 25,26], which we comment on in Section 2.3.
In fact, for h > 0, we can unambiguously see that this correction is required. The reason
for this is that, as mentioned in Section 1, once we have fixed the spectrum for h < 0, the
spectrum at h > 0 is uniquely determined by modular invariance in chiral theories. Thus the
exact expression for NBH(1), for example, can be determined. The result is that as k becomes
large, the approximation (2.13) approaches the correct value for SBH(1), whereas the classical
result (2.2) diverges from it (see Figure 1).
It seems natural, then, to take (2.13) as a one-loop-corrected approximation for the entropy
which is valid at large k with h fixed. Crucially, because of the shift, the entropy (2.13) no longer
vanishes at h = 0, but rather predicts a positive number of states, growing exponentially with
√
k.
We take this as suggestive evidence that the definition of CFTs dual to “pure gravity” should
be modified to allow black holes at h = 0, with entropy roughly given by (2.13). We call these
“near-extremal CFTs.”
Higher order corrections to SBH(0) can be included in an expansion in 1/k along the lines of
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Appendix C, where we obtain the following expression which resums these perturbative corrections
to all orders:
SBH(0) = log
[
2
√
3
(
e
pi
6
√
24k−1 − epi6
√
24k−25
)]
= 2pi
√
k
6
− 1
2
log k + log
(√
2pi
)
+O(k−1/2). (2.14)
It is worth briefly noting the structure of subleading corrections when h & k. There are
two regimes. When h/k  1, we are in the Cardy regime of large black holes, and the leading
correction from non-vacuum states comes from the first non-trivial descendant, with h′ = −k + 2.
Its contribution is additive, and is suppressed compared to that of the vacuum by a factor of
e
−4pi
√
h
k  1. When h/k ∼ O(1), the corrections from all descendants near the vacuum – that is,
with h′ ≈ −k – are parametrically comparable; while they do not shift the saddle, they do give
constant, rather than exponentially suppressed, contributions to the entropy.
We should comment on the upper bound in the sum on h′ in (2.8). Since we have done the
sum by saddle point, the result was independent of this upper bound. However, it is clear that
the expression for the sum formally stops making sense at h′ > 0, since the integrand becomes
imaginary. One interpretation is that h′ & 0 contributions are exponentially small due to the
Bessel function, and as such they are inseparable from other non-perturbative corrections. This
interpretation treats the sum over powers of q somewhat analogously to the usual situation one
faces with asymptotic expansions in powers of coupling constants. Indeed, this is what happens
when computing the entropy of black holes above threshold [21]. The contributions to SBH(h > 0)
from terms in (2.8) with h′ > 0 vanish. A non-perturbative formulation of the partition function
in 3d gravity would presumably make this notion more precise for the states at h = 0.
Note that if we define the quantum-corrected black hole threshold to be the value of h at
which SBH(h) = 0, then the shift of h pushes this down to h = −1/24. This is precisely the
threshold between “censored” and “uncensored” states introduced in [22]. Our result can be
viewed as a further evidence that the censorship threshold, not the polar threshold, determines
the natural boundary between graviton and black hole states, up to log corrections.
It is interesting to compare our result with earlier work on small black holes in string theory.
In [16, 18] black holes which classically have zero horizon area were studied in type IIA string
theory, where it was shown that quantum string effects generate a string-scale horizon, and an
entropy proportional to its area. Those solutions are asymptotically flat, supersymmetric d = 4
black holes, where the correction arises due to loop effects, the first of an infinite series of such
corrections. Contrast this with our result, which requires no string theory or supersymmetry
and gives the all-orders corrections to the entropy of asymptotically AdS3 black holes due to
graviton loops. Despite their differences, both settings do involve macroscopic corrections to
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solutions with classically zero entropy; in that sense, our computations are an AdS3 analog of the
higher-dimensional story.
2.3. Phase Structure
In the previous sections, we found that the entropy of black holes in pure gravity is approximately
SBH(h) ≈ 4pi
√
kˆ
(
h+
1
24
)
− 1
2
log kˆ, (2.15)
whereas the number of gravitons at level h is
Svac(h) ≈ 4pi
√
1
24
(
h+ kˆ
)
− 3
2
log kˆ, (2.16)
where we have written the entropies in terms of a shifted central charge kˆ ≡ k − 124 . At h = 0,
these entropies are equal up to log corrections: SBH(0) ≈ Svac(0).7 At large k where k̂ ≈ k, in
the absence of the shift h→ h+ 1/24, the number of gravitons would dominate up until h = 124
instead. Because the leading pieces of SBH(h) and Svac(h) match at the threshold h = 0 where
the small black holes begin, in the microcanonical ensemble the effect of the shifts in SBH is to
smooth out the entropy as a function of h somewhat: the discontinuity is only of O(log k), not
O(√k). See Figure 2.
In the canonical ensemble, however, the effect of the h = 0 black holes is almost unnoticeable,
since their contribution is subleading to that of the vacuum at all temperatures. At large k, the
Hawking-Page phase transition between the thermal vacuum and black holes occurs at the self
dual inverse temperature, β = 2pi, and it is easy to see that the free energy for black holes at this
point, F (β = 2pi) ≈ 4pi√hk − 2pi(h+ k), becomes positive only for h ≥ k, which corresponds to
h− hvac = 2k. Thus, black holes with h . k are thermodynamically unstable even though, due to
the absence of Hawking radiation, there is no apparent dynamical instability.8 As discussed below
(2.14), for black holes with h ∼ k the leading order saddle point does not shift; since these are
the relevant states near the Hawking-Page transition, our results do not qualitatively change the
phase structure of the theory at large k.
7The entropy of black hole states is still logarithmically enhanced at h = 0: SBH(0)− Svac(0) ∼ log k.
8In [5], black holes in this regime were dubbed “enigmatic” black holes. This term originated in a more specialized
context [25, 27]; we will use the looser definition which refers to any black hole configurations that never dominate the
canonical ensemble at any temperature.
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Fig. 2: Black, Dashed Line: The leading order entropy due purely to vacuum gravitons. Blue,
Solid Line: The entropy of black hole states including our shift. These meet at leading order in
large k, Svac(0) = SBH(0) = pi
√
2k/3. Red, Dot-dashed Line: The Cardy entropy, which vanishes
at threshold.
3. N = 1 Near-Extremal CFTs
In this section we generalize our counting of black hole states to supersymmetric theories. This
allows us to put strict constraints on the number of states at threshold. We find that the
conjecture for the number of h = 0 black holes appropriately generalized to the N = 1 context
obeys an infinite number of constraints.
3.1. Classical Action and One-Loop Correction
It is conventional to parameterize the central charge in this case as c = 12k∗, where k∗ is an
integer. The light spectrum now contains a fermionic excitation, the gravitino ψ, which appears
in the supergravity action in AdS3 as
9
S =
1
16piGN
∫
d3x
√
g
[
R+
2
`2AdS
− ψ¯ργµνρDµψν
+
β
2
µνρ
(
ω aµ β∂νω
b
ρ a +
2
3
ω aµ bω
b
ν cω
c
ρ a
)
− β
2
Dρψσγ
µνγρσDµψν
]
. (3.1)
9See for example [28].
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The non-chiral case is β = 0, and the (maximally) chiral case which we are considering is β = `AdS.
The gravitino modes are still purely boundary excitations and all created by fermionic generators
G−r of the super-Virasoro algebra. The vacuum character of the N = 1 super-Virasoro algebra is
χN=1vac (τ) = q
−k∗/2
∞∏
n=2
1 + qn−
1
2
1− qn ≡ q
−k∗/2
∞∑
n=0
n∈ 1
2
Z
dN=1n q
n . (3.2)
The partition function for pure gravity should now contain these excitations in the light spectrum:
Z(τ) = χN=1vac (τ) +O(q0). (3.3)
Our main focus will again be the constant term, but as before we first consider the leading
contribution to the entropy for general h. The leading saddle point of the supergravity action is
still obtained from thermal AdS by the modular transformation τ → −1/τ , but now we have to
include gravitino as well as graviton excitations,
NN=1BH (h) = e
SN=1BH (h) = pi
∞∑
h′=− k∗2
h′∈ 12 Z
CN=1h′
√
−h′
h
I1(4pi
√−hh′), (3.4)
where now the coefficients CN=1h′ for an extremal theory are the coefficients in the N = 1 vacuum
character above:
CN=1h′ = d
N=1
h′+ k∗
2
, h′ < 0 . (3.5)
The derivation of the new SBH(h) is just a slight variation of that in Section 2, but to clarify the
character of the result more generally we will parameterize the growth of the coefficients Ch′ as
C− c
24
+x
x1∼ e2pi
√
ceff
6
(x− ceff
24
)
, (3.6)
where ceff = 1,
3
2 for N = 0, 1, respectively. Eq. (2.11) then generalizes to10
NBH(h) ∼
∞∑
h′=− c
24
e2pi
√
ceff
6
(h′+ c−ceff
24
)e4pi
√
h|h′|, (3.7)
and the saddle point (2.13) shifts to yield
SBH(h) ≈ 4pi
√
c− ceff
24
(
h+
ceff
24
)
, (h c
24
). (3.8)
10The allowed values of h′ depend on the moding of the vacuum algebra generators, which we leave understood.
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We emphasize the generality of this result: it applies to any theory whose polar spectrum furnishes
the vacuum representation of a chiral algebra with asymptotic growth of the form (3.6).
Specializing again to N = 1, we have
SN=1BH (h) ≈ 4pi
√(
k∗
2
− 1
16
)(
h+
1
16
)
, (h k∗) (3.9)
At h = 0, this gives approximately
SN=1BH (0) ≈ pi
√
k∗
2
. (3.10)
These are our estimates for the leading parts of the quantum correction to the entropy of
small black holes in N = 1 supergravity. Additional corrections that are subleading in powers of k
can be included with a more refined computation. In Appendix C, we compute these corrections
and find
SN=1BH (0) = log
[√
2
(
e
pi
√
k∗
2
− 1
16 − epi
√
k∗
2
− 9
16
)]
(3.11)
≈ pi
√
k∗
2
− 1
2
log k∗ + log
(pi
2
)
+ . . . . (3.12)
3.2. Comparison to a Bound of Witten
We next utilize a bound due to Witten [3] on the constant term in N = 1 theories to provide a
powerful confirmation of (3.11). To begin with, we review the structure of states in an N = 1
CFT and the different spin structures on the torus. As we now have fermionic states, there are
four possible spin structures on the torus, pictured in Fig. 3. Two of these correspond to the
partition function in the Ramond (R) sector – in which fermions are anti-periodic in the temporal
direction but periodic in the spatial direction – and the Neveu-Schwarz (NS) sector, in which
fermions are anti-periodic in both directions:
ZNS(τ) ≡ TrHNSqL0 ,
ZR(τ) ≡ TrHRqL0 , (3.13)
where L0 = −k∗2 = − c24 for the NS vacuum. Under modular transformations, these will generate a
third spin structure under which fermions are periodic in the temporal direction but anti-periodic
in the spatial direction, which corresponds to tracing over the NS sector with an additional factor
of (−1)F , i.e. 1 for bosons and −1 for fermions:
ZNS,−(τ) = TrHNS
(
(−1)F qL0) . (3.14)
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Fig. 3: The four possible spin structures on the torus. “A” denotes that fermions have anti-
periodic boundary conditions and “P” denotes periodic boundary conditions; the x-axis is the
spatial direction. As noted, the first two spin structures correspond to the partition functions
restricted to the Neveu-Schwarz or Ramond sectors, respectively. The last two spin structures
contain an additional (−1)F inside the trace; for the Ramond sector, this produces the Witten
index χ = TrHR
(
(−1)F qL0).
The fourth and final spin structure χ,
χ = TrHR
(
(−1)F qL0) , (3.15)
with fermions periodic in both directions, is just a constant counting the difference in the number
of bosonic and fermionic Ramond sector ground states (i.e. the Witten index). Given ZNS, ZNS,−,
or ZR, we can obtain the other two through
ZNS(τ + 1) = (−1)k∗ZNS,−(τ),
ZNS,−(−1/τ) = ZR(τ) .
(3.16)
Each of these traces is invariant under a particular genus-zero subgroup of SL(2,Z). ZNS is
invariant under Γθ; ZNS,− is invariant under Γ0(2); and ZR is invariant under Γ0(2), where we
define
Γθ =
{(
a b
c d
)
∈ SL(2,Z) : a+ b is odd and c+ d is odd
}
Γ0(2) =
{(
a b
c d
)
∈ SL(2,Z) : b is even
}
Γ0(2) =
{(
a b
c d
)
∈ SL(2,Z) : c is even
}
.
(3.17)
17
Now we are ready to review the bound. We demand that all the coefficients in both ZR(τ)
and ZNS(τ) be non-negative. The transformations (3.16) imply
ZR(τ) = (−1)k∗ZNS
(
−1
τ
+ 1
)
. (3.18)
This implies that the number of states in the Ramond sector at L0 = 0 (corresponding to q
0 in
ZR(τ)), call it R0, is given by (3.18) in the limit τ → i∞:
R0 ≡ ZR(i∞) = (−1)k∗ZNS(1). (3.19)
Modular invariance does not prevent us from increasing or decreasing the number NS0 of NS
sector primaries at h = 0 by adding a constant s to ZNS without changing any of the other
coefficients. Note that by (3.19), adding such a constant also shifts the number R0 of Ramond
ground states by (−1)k∗s, but leaves invariant the combination (first considered in [3])
βk∗ ≡ R0 − (−1)k∗NS0. (3.20)
Therefore, although the constant term in ZNS is not fixed by its polar parts, the quantity βk∗ is
fixed by them. In Appendix B, we derive a generating function for βk∗ :
∞∑
k∗=1
(−1)k∗βk∗q
k∗
2 =
√
θ3(τ)
η(τ)3
(
θ4(τ)
4 − θ2(τ)4
)
q
1
16 (1−√q) (3.21)
where we have used the standard Jacobi theta functions and Dedekind eta function (defined in
Appendix A).
Now, the key point is that both R0 and NS0 are non-negative, so the fact that βk∗ is fixed by
the polar parts of F (τ) gives a bound on the number NS0 of NS sector primaries; for odd (even)
k∗, this is an upper (lower) bound on NS0.
NS0 > −βk∗ k∗ even
NS0 < βk∗ k
∗ odd .
(3.22)
In principle, this gives us only a bound on NS0, but does not give us an estimate of its actual value.
In practice, though, the following feature of βk∗ makes the bound significantly more informative:
For k∗ ≥ 7,
{
βk∗ > 0 k
∗ odd
βk∗ < 0 k
∗ even
}
. (3.23)
(If k∗ < 7, βk∗ is always positive.)
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Fig. 4: h = 0 states for an N = 1 near-extremal CFT. Red, solid: Equation (3.11), which is the
all-orders in large k∗ expression from the saddle point calculation for SBH(0). Black dots: log |βk∗ |.
Note the strong agreement even for k∗ ∼ 15 - on this plot, the last few points at k∗ ∼ 30 appear
to lie exactly on the asymptotic curve. To show the trend in the size of the difference more
clearly, we plot the relative error in Figure 5 at large k∗. Blue, dot-dashed: pi
√
k∗
2 , the leading
perturbative piece (3.10), is also shown for comparison.
Since (−1)k∗+1βk∗ is positive at large k∗ and oscillates rapidly between being an upper bound
and a lower bound, it effectively becomes an approximate prediction for NS0. More precisely,
asymptotically at large k∗ it has a series expansion of the form log |βk∗ | ∼ a
√
k∗ + b log k∗ + c+
d√
k∗
+ . . . . The saddle point calculation from gravity also has a series expansion of this form,
and for these to agree an infinite number of series coefficients must match. So this is a highly
non-trivial check for our result (3.11).
In Appendix D, we derive the asymptotics of βk∗ at large k
∗. Remarkably, we find exact
agreement with the result of the saddle point calculation (3.11)! At large k∗, (3.11) should give
an exponentially accurate approximation for βk∗ , and indeed we see this agreement in Figures 4
and 5.
We thus have an argument based solely on positivity in the Ramond sector partition function
(and some smoothness conditions on it) that independently fixes the large k∗ behavior of the
constant term in N = 1 supergravity to be (3.12).
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Fig. 5: Here we plot the error 1− log |βk∗ |SBH(0) , with SBH(0) from (3.11), as a function of k∗ for an
N = 1 extremal CFT. The relative error decreases exponentially ∼ e−pi2
√
k∗
2 , in accordance with
the fact that all orders in the perturbative expansion are correctly reproduced by the gravity
saddle point calculation.
3.3. Phase Structure
Remarkably, the bound (3.22) from unitarity can be understood in a completely different way, by
demanding that theory has the correct phase structure for a bulk gravity dual. To understand
this, note that if we interpret a partition function Z(τ), ZNS(τ), etc. as the finite temperature
partition function of the CFT on a circle, then τ is interpreted as a complexified temperature
τ =
1
2pi
(iβ + θ) (3.24)
with β the usual (real) inverse temperature and θ a chemical potential conjugate to angular
momentum. All of the partition functions considered in this paper depend analytically on τ (or
they are the absolute valued squared of something which depends analytically on τ). However, in
the semi-classical limit, these partition functions should become non-analytic in τ : they should
exhibit the usual Hawing-Page phase transition between a thermal gas in AdS and the BTZ
black hole. This is a necessary condition for the bulk dual to describe semi-classical AdS gravity.
So the Z(τ) are a series of complex-analytic functions of τ which converge to a non-analytic
function in the large central charge limit. The important observation is that, since the Z(τ) are
complex-analytic (rather than just real-analytic) functions of τ , the way that this can happen
is highly constrained. In particular, the transition must occur through a condensation of zeros
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in the complex τ plane. In statistical mechanics this condensation of zeros is familiar in in the
Lee-Yang description of phase transitions in lattice models. The proposal that the Hawking-Page
transition occurs via a condensation of Lee-Yang zeros was first described in [21].
In the case of AdS3 gravity, the phase transition occurs when the parameter τ exits the
fundamental domain on the upper half-plane. In particular, this means that we must require
that the zeros of the partition function all lie along the unit circle in the complex τ plane at the
edge of the fundamental domain so that in the large k∗ limit they condense into a branch cut
corresponding to the Hawking-Page phase transition. The locations of these zeros depend on the
constant term, and it turns out that if NS0 is greater than (less than) |βk∗ | for k∗ even (odd), at
least one of these zeros does not lie on the unit circle.
To see why this is the case, begin by rewriting ZNS in terms of the Γθ-invariant function
K(τ) [3]:11
K(τ) ≡ ∆
2(τ)
∆(2τ)∆(τ/2)
=
1√
q
+ 24 + 276
√
q + 2048q + . . . , (3.25)
with ∆(τ) = η24(τ) being the modular discriminant. The unit half-circle in τ (in the upper
half-plane) maps to the interval 0 ≤ K(τ) ≤ 64. It is also convenient that
K(τ = 1) = 0. (3.26)
The only poles of the partition function ZNS(τ) are at τ = i∞ ↔ K = ∞, so ZNS(τ) is a
polynomial in K. Furthermore, ZNS(τ) = q
− k∗
2 + . . . , so it is a degree k∗ polynomial where the
coefficient of Kk
∗
is one. Finally, its constant term is given by evaluating ZNS(τ) at K = 0, in
other words at τ = 1. From equation (3.19) and the definition of βk∗ in (3.20), we therefore have
ZNS(K = 0) = NS0 + (−1)k∗βk∗ . (3.27)
For ZNS to have the desired phase structure, all of its roots {Ki}1≤i≤k∗ = {K|ZNS(K) = 0} must
lie in the interval 0 ≤ K ≤ 64. In particular, this implies the constant term of ZNS =
∏k∗
i=1(K−Ki)
must be (−1)k∗ times a positive number:
0 ≤ (−1)k∗ZNS(K = 0) = NS0 + (−1)k∗βk∗ , (3.28)
which reproduces the bound (3.22).
11Our convention for K(τ) differs from that in [3] by the constant term of 24.
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To state this conclusion another way, we see that the requirement that the number of Ramond
ground states, R0, is positive – which is simply a statement of unitarity – is also a consequence
of the statement that the zeros of the partition function lie on the phase boundary of the dual
gravity theory.
Extension to non-supersymmetric case?
Note that we can similarly demand that all the zeroes of the partition function lie on a boundary
of a fundamental domain for the non-supersymmetric case. This would imply that the roots lie at
τ = eiφ for pi3 ≤ φ ≤ pi2 , which corresponds to 0 ≤ j(τ) ≤ 1728 where j(τ) = 1q + 744 +O(q). For
all the roots to be real and positive in j, it is a necessary condition that when writing Z(τ) as
a polynomial in j, the constant term be (−1)k times a positive number. Since j(τ) vanishes at
τ = e
ipi
3 , the constant term in the polynomial expansion of j is given by Z(e
ipi
3 ).
If we take for Z(τ) to be one of Witten’s extremal CFT partition functions, it is not hard to
see that
Z(e
ipi
3 ) ≈ 3χvac(e ipi3 ) (3.29)
where χvac was defined in (2.4). We will sometimes find it convenient to use the parameterization
χvac(τ) =
q−k+
1
24
η(τ)
(1− q) (3.30)
Equation (3.29) can be understood as follows. Deep in the fundamental domain, near τ = i∞, we
can approximate Z(τ) ≈ χvac(τ). Conversely, in any modular image of the fundamental domain
under the image of some γ =
(
a b
c d
)
∈ SL(2,Z), near the point τ = a/c, we can approximate
Z(τ) ≈ χvac(γτ). The point τ = e ipi3 is a fixed point under TS ∈ SL(2,Z), which cubes to the
identity. It is the place where three modular images of the fundamental domain meet. We can
therefore approximate Z(e
ipi
3 ) by summing the vacuum character and its images under TS and
(TS)2. These all contribute equally, giving us a factor of 3 in (3.29). In the large k limit, this
approximation becomes infinitely accurate.12
Using (3.30), we see that
Z(e
ipi
3 ) ≈ 3α(−1)ke
√
3pik (3.31)
where
α = (1 + e−
√
3pi)
e−
pi
24(−i+
√
3)
η(e
ipi
3 )
≈ 1.00002. (3.32)
12Similarly, one can approximate Z(i) ≈ 2χvac(i), since the vacuum character and its image under S contribute
equally giving a factor of 2.
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We can add a constant term to (3.31) so long as the sign remains (−1)k. For even k, we see that
adding a constant term does not change the sign and so we get no constraint. For odd k, we
get an upper bound for how many states we can add at q0 (e.g. 744 for k = 1), that grows as
3αe
√
3pik. Our prediction (2.14) satisfies (but does not saturate) this upper bound. Indeed, this
growth is much faster than the O(e
√
k) growth characteristic of the sparse spectrum of 3d gravity,
and so adds no constraint at all.13
Note that the reason the non-supersymmetric case gave us a weak (exponential) bound whereas
the N = 1 case gave a strong (subexponential) bound is because the fundamental domain of Γθ
reaches all the way down to Im τ = 0, whereas for SL(2,Z), the lowest value of Im τ is
√
3
2 .
4. N = 2 Near-Extremal CFTs
Moving up to N = 2 superconformal symmetry allows even further consistency checks of our
conjecture. In particular, it is now possible to grade the partition function with the U(1)R
symmetry of the algebra.
We first study in subsection 4.1 the ungraded partition function, using a similar analysis as in
the previous section. In subsection 4.2, we move on to the graded partition function, and review
a no-go theorem found in [20]. Finally in subsection 4.3, we show how our proposal precisely
evades the no-go theorem.
4.1. Ungraded N = 2
The near-extremal partition function in the NS sector,
ZNS(τ) = Tr HNSq
L0 , (4.1)
is defined so that its polar part matches that of the N = 2 vacuum character. This character,
which counts (ungraded) the N = 2 Virasoro descendants of the vacuum, is
∞∑
n=0
n∈ 1
2
Z
dN=2n q
n =
1−√q
1 +
√
q
∞∏
n=1
(1 + qn−
1
2 )2
(1− qn)2 (4.2)
so that
ZNS(τ) = q
− k∗
2
1−√q
1 +
√
q
∞∏
n=1
(1 + qn−
1
2 )2
(1− qn)2 +O(q
0) (4.3)
13Said another way, no near-extremal CFT can saturate this bound: the total number of states at O(q0) must be
less than the number at O(q), and the latter grows as e4pi
√
25
24
k  e
√
3pik.
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where k∗ = c12 , as in Section 3. Since the modularity properties of ZNS are the same as in the
N = 1 case, we get a very similar expression to (3.4) for the black hole entropy
NN=2BH (h) = e
SN=2BH (h) = pi
∞∑
h′=− k∗2
h′∈ 12 Z
CN=2h′
√
−h′
h
I1(4pi
√−hh′), (4.4)
where the only difference is that CN=2h′ parameterizes N = 2 descendants:
CN=2h′ = d
N=2
h′+ k∗
2
. (4.5)
The leading order behavior of the entropy can be read off from (3.8), with ceff = 3:
SN=2BH (0) ≈ pi
√
k∗. (4.6)
In order to get the full perturbative entropy of the h = 0 black holes (the analog of (3.11)),
we need to repeat the analyses in Appendix C and D with N = 2 super-Virasoro growth.
Unfortunately, for rather technical reasons explained in Appendix D, it is more difficult in
N = 2 theories than in non-supersymmetric or N = 1 theories to obtain the kind of analytic
approximation formula for the level densities of the vacuum module that we have been using.
However, we can numerically go to fairly high orders in the large k∗ expansion. This in turn gives
us a numeric prediction for the entropy of states at h = 0:
SN=2BH (0) ≈ pi
√
k∗ − 3
4
log k∗ − log
(
4
√
2
pi
)
−
(
3 + pi2
8pi
)
1√
k∗
− 0.03711448
k∗
+
0.21704365
(k∗)3/2
− 0.13028682
(k∗)2
+O
(
1
(k∗)5/2
)
. (4.7)
Just as in N = 1, we have an independent check from positivity in the Ramond sector. We
can compute
ZR(τ) = Tr HRq
L0 (4.8)
from ZNS(τ) by (3.18), and then take τ to i∞ to find R0, the number of Ramond sector ground
states, which must be nonnegative. We then use (3.20) to define an analogous βN=2k∗ , and the
quantity (−1)k∗+1βN=2k∗ oscillates rapidly between being an upper and a lower bound, making it
an independent check for SN=2BH (0).
In Section 5 of [20], a generating function for βN=2k∗ is derived
∞∑
k∗=1
(−1)k∗βN=2k∗ q
k∗
2 =
1−√q
1 +
√
q
θ3(τ)
η(τ)3
q
1
8 (θ4(τ)
4 − θ2(τ)4). (4.9)
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We have numerically extracted the asymptotic series expansion coefficients of the above
expression up to and including O( 1
k∗2 ), and they exactly match (4.7).
4.2. A No-Go Theorem
The check in the previous subsection was essentially just an extension of the N = 1 case. However,
we will now see that qualitatively new evidence in support of our conjecture is available with
N = 2 symmetry when we grade the partition function by the U(1) charge. We will first review a
no-go theorem for N = 2 extremal CFTs from [20]. We will then show that our conjecture for
the black hole entropies in pure gravity theories precisely evades this no-go theorem.14
Our review of the analysis of extremal N = 2 superconformal field theories in [20] will be
brief; readers interested in more details should consult the original paper. For simplicity we study
chiral, spectral-flow invariant theories with integral U(1) charges and with central charge divisible
by 6. We can define the partition function of a chiral N = 2 SCFT as,
Z(τ, z) = Tr HR(−1)F qL0yJ0 , q = e2piiτ , y = e2piiz . (4.10)
Z(τ, z) transforms as
Z
(
aτ + b
cτ + d
,
z
cτ + d
)
= e2piim
cz2
cτ+dZ(τ, z)
(
a b
c d
)
∈ SL(2,Z)
Z(τ, z + `τ + `′) = e−2piim(`
2τ+2`z)Z(τ, z) `, `′ ∈ Z (4.11)
where m = c6 .
15 In [20], they considered the more general case of the elliptic genus of any, not
necessarily chiral, N = (2, 2) SCFT; the same analysis follows. We focus on the chiral case, as
this relates to our previous discussion.
To make explicit contact with the previous subsection, where we ignored the U(1)R, we have,
ZNS(τ) = q
m/4Z
(
τ,
τ + 1
2
)
ZR(τ) = Z (τ, 1/2) ,
(4.12)
where we have used the spectral flow invariance of the N = 2 algebra to map between sectors.
An object that transforms as (4.11) is known as a weak Jacobi form of weight 0 and index
14The authors of [20] also discussed the possible existence of near-extremal CFTs that marginally evaded their
theorem, and pointed out that it would be interesting if quantum corrections could be found on the gravity side that
would shift pure gravity from an extremal CFT to a near-extremal CFT.
15In the equation m = c/6, c refers to the central charge, not a component of the element of SL(2,Z).
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m = c6 . See [29] for detailed discussions of Jacobi forms; here we will simply list the pertinent
facts used in [20]. The ring of weak Jacobi forms is generated by four functions: the Eisenstein
series E4(τ) and E6(τ), as well as the Jacobi forms of weight 0 index 1 (φ0,1) and weight −2
index 1 (φ−2,1). These functions are defined in Appendix A.
A weak Jacobi form of weight 0 and index m can be written as a linear combination of
polynomials
E4(τ)
aE6(τ)
bφ0,1(τ, z)
cφ−2,1(τ, z)d (4.13)
satisfying
4a+ 6b− 2d = 0
c+ d = m.
(4.14)
At fixed m, the dimension of the vector space of weak Jacobi forms of weight 0, index m is simply
the number of non-negative integral solutions to (4.14). A straightforward count shows that this
quantity is given by
dim(Vm) =
⌊
m2
12
+
m
2
+ 1
⌋
=
m2
12
+
m
2
+O(1). (4.15)
The function (4.10) can be expanded as
Z(τ, z) =
∑
n,`
c(n, `)qny`. (4.16)
Here, we are counting states labeled by both their dimension and U(1)R charge. The extra
quantum number allows for a more refined definition of black hole states. If we define the spectral
flow invariant polarity,16
P (n, `) = n− `
2
4m
, (4.17)
then terms in (4.16) with polarity P (n, `) < 0 are called polar states, and are interpreted as
particle states in the dual gravity picture, whereas nonpolar states are the BTZ black holes. Note
that some states we would have naively identified as black holes when ignoring the charge are
more accurately thought of as particle states.
In [20] an extremal N = 2 CFT was defined as a CFT whose partition function (4.10) matches
the vacuum character for all polar terms. However, the number of polar terms goes as m
2
12 +
5m
8 ,
16Our definition for polarity differs by a factor of 4m from many others.
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whereas the dimension of the space of weak Jacobi forms goes as m
2
12 +
m
2 . Since the space of
polar terms is parametrically larger than the space of weak Jacobi forms, we cannot generically
complete an arbitrary polar part into a weak Jacobi form (for instance, by matching the vacuum
descendants). Thus at sufficiently large m, N = 2 extremal CFTs do not exist.
A natural question to ask, in the spirit of our previous analysis, is how one might relax the
criterion of extremality by allowing some states that are not descendants of the vacuum to appear
in the theory slightly below or at n − `24m = 0. This is equivalent to asking how many polar
terms can be completed into a weak Jacobi form. In [20], it was shown the number of states
with n− `24m < −18 grows as m
2
12 +
m
2 , which is the same as the dimension of the space of Jacobi
forms. So, if we relax our notion of polarity to only include these states, then we generically can
complete to a weak Jacobi form, and near-extremal CFTs satisfying this relaxed condition are
still viable.
When flowed to the NS sector (without grading by U(1)), this notion of near-extremal CFT
reduces to our ungraded definition in subsection 4.1. Previously, we had defined a near-extremal
CFT to be a theory whose partition function matches the vacuum character for all qh, with
h < 0. In the ungraded N = 2 case a near-extremal theory has an NS sector partition function
which matches the vacuum character up to and including the q−1/2 term. For the definition of
near-extremal given in terms of polarity to be consistent with this earlier definition, it must be
the case that modifying the states with polarity n− `24m > −18 does not alter the particle states
with h ≤ −1/2 in the NS sector partition function. To see that the two notions are consistent,
note that the polarity is a spectral flow invariant, and so we have n > −18 + `
2
4m > −12 in the NS
sector as well, thus we do not alter the degeneracy of any particle states in the ungraded picture.
4.3. One-Loop Corrections
The relaxed criterion for polarity as n − `24m < −18 looks like a slight downward shift in the
threshold energy for black holes in AdS3. In the case of non-supersymmetric or N = 1 gravity,
we found just such a shift; now we want to repeat the analysis for the case N = 2. This time,
because we are grading also by the U(1) charge, we label states by both L0 and J0 eigenvalues.
Recall that we can decompose any weak Jacobi form of weight 0, index m as
Z(τ, z) =
m∑
r=−m+1
hr(τ)θr(τ, z) (4.18)
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with
θr(τ, z) =
∞∑
k=−∞
q
(r+2mk)2
4m yr+2mk
hr(τ) =
∑
n≥0
c(n, r)qn−
r2
4m (4.19)
and c(n, r) defined in (4.16). Moreover, hr(τ) is a vector-valued modular form of weight −12 .
The subscript r refers to the sector the state is in, which is the U(1) charge mod 2m. From
e.g. [30], we can write the coefficient of an arbitrary term q∆, ∆ > 0, in hν as a vector-valued
Rademacher sum. We can organize this as an infinite sum over all elements of SL(2,Z) (modded
out by τ → τ + n), but in the large m limit, the dominant contribution comes from the image of
τ → − 1τ . Keeping only this gives
Fν(∆) ∼ (2pi)5/2
2m∑
µ=1
e−
ipiµν
m
∑
α<0
|α|3/2Fµ(α)I 3
2
(4pi
√
|α|∆). (4.20)
In this formula, the parameters Fµ(α) are the number of polar states in sector µ and polarity
α < 0, i.e.
Fµ(α) ≡ c
(
µ2
4m
+ α, µ
)
. (4.21)
The output Fν(∆) is the number of states in sector ν with polarity ∆ > 0. Our goal is then is to
use (4.20) to calculate the entropy of a state in sector ν and polarity ∆ (which can be converted
to the standard quantum numbers using (4.21)). Just as in previous sections, we will do this by
finding the dominant contribution in the double sum in (4.20) where there is a tradeoff between
the Bessel function and the growth of polar states.
For an extremal N = 2 theory, polar states are given by the number of descendants in the
Ramond sector. The generating function for Ramond sector vacuum descendants17 is
∑
n,`
d (n, `) qny` = (1− q)ym
∞∏
n=1
(1− yqn+1)(1− y−1qn)
(1− qn)2
=
(1− q)ym− 12
(1− y−1)(1− yq)
iθ1(τ, z)
η(τ)3
(4.22)
where d(n, `) is the number of vacuum descendants with quantum numbers L0 = n, J0 = `. To
estimate the growth of the polar state degeneracies, we have to estimate the growth of the RHS
17Here by Ramond sector vacuum descendants, we mean descendants of the state that is the spectral flow image of
the unique NS vacuum, in other words descendants of the charge m Ramond vacuum.
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of (4.22). We see numerically that
d
(
n, `+m− 1
2
)
= (−1)`− 12 epi
√
2
(
n− `2
2
) 64
pi
(
n− `22
)2 +O(n− `22
)−5/2 . (4.23)
Note that up to a phase of (−1)`− 12 , (4.23) is a function only of n− `22 , the polarity of a theory
at c = 3. Indeed, the number of descendants of the N = 2 SCFT vacuum should grow roughly as
a CFT with c = 3. Moreover the phase in (4.23) will not affect the leading order behavior of the
entropy.18
Using (4.23) we have an estimate of Fµ(α) in (4.20); the remaining term that is exponentially
large is the Bessel function I 3
2
(4pi
√|α|∆). Since we are considering the effect of a state qny`+m− 12 ,
the polarity α is given by
α = n− (`+m−
1
2)
2
4m
= −m
4
+ n− `
2
+
1
4
+O
(
1
m
)
(4.24)
and thus
I 3
2
(4pi
√
|α|∆) ∼ e4pi
√
∆(m4 +
`
2
− 1
4
−n). (4.25)
We see the dominant contribution comes from
`∗ =
1
2
n∗ =
m+ 4∆
32∆ + 4
(4.26)
which gives
SN=2(∆, ν) =
1
2
pi
√
(2m− 1)(8∆ + 1) (4.27)
or
SN=2(n, `) = 2pi
√(
m− 1
2
)(
n− `
2
4m
+
1
8
)
(4.28)
as the perturbative piece.
18This is because ` can only take half-integral values (since we defined the U(1) charge as `+m− 1
2
), so half of
all vacuum descendants will contribute with positive sign, and half will contribute with negative. The positive and
negative contributions are not the same perturbatively, so we do not have full cancellations between the two and the
leading order stays the same.
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Interpreting (4.28) as before, this suggests that states with polarity
n− `
2
4m
> −1
8
(4.29)
may be regarded as black holes. Thus, we have confirmed the prediction of [20], based on the
difference in the space of Jacobi forms and polar parts, by direct calculation.
It would be interesting to find corrections to (4.29) that match the higher order discrepancies
between the space of Jacobi forms and polar parts. Unfortunately this is difficult for two reasons.
Firstly, the next order difference between the two grows as O(m 12 ), but does not converge to an
actual coefficient; instead it behaves roughly as a random variable. See [20,29] for more discussion
on this point. Secondly, it is not clear how to proceed finding corrections to (4.29). It is not done
by finding higher order corrections to (4.28) – that would instead correct the entropy of those
black holes. Instead, we would like to find corrections inside the square root in (4.28), so that we
have more discrimination in finding which quantum numbers lead to nonnegative entropy.
5. Towards a Non-Perturbative Conjecture
A natural question that remains is whether one can find a non-perturbative completion of the
perturbative conjecture for NBH(0), the number of states at the black hole threshold. Such a
completion would be indispensable in trying to construct explicit models of CFTs dual to pure
gravity for any k. Here we discuss two approaches to this question. The first is a very natural, but
ultimately incomplete, attempt at a non-perturbative completion via direct analytic continuation
of the Rademacher sum to h = 0. We do this for N = 0, 1. The second, which is more speculative,
is a construction of a “grand canonical” partition function in the space of chiral CFTs, whose
modular properties are directly related to the number of threshold states. Though this object
a priori contains no new information, we will see that its form suggests an intriguing larger
symmetry. We are hopeful that our attempts will inspire further investigations.
5.1. Analytic Continuation of Rademacher Sums
The goal of this subsection is to propose a non-perturbative formula for the number of states
at threshold, NBH(0), in non-supersymmetric chiral gravity, extending (2.14). (We will treat
the N = 1 case next.) For states with positive dimension above threshold, a non-perturbative
formula for the degeneracy is given by a Rademacher sum for the coefficients of modular forms.
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As explained in Appendix D the number of states at level h is given by,
NBH(h) = 2pi
−1∑
h′=−k
Ch′
√
−h′
h
∞∑
n=1
1
n
An,−h′(h)I1
(
4pi
n
√−hh′
)
. (5.1)
An,−h′(h) is known as a Kloosterman sum. This expression admits a continuation to h = 0.19
The Bessel function gives
I1
(
4pi
n
√−hh′
)
≈ 2pi
n
√−hh′ + . . . (5.2)
As we review in Appendix D, the Kloosterman sum at h = 0 reduces to a Ramanujan sum; the
resulting sum over n yields
∞∑
n=1
An,−h′(0)
n2
=
24
(2pi)2
σ1(−h′)
−h′ (5.3)
where σ1(−h′) is the divisor function. Putting things together, we find
NNPBH (0) = 24
−1∑
h′=−k
Ch′σ1(−h′) . (5.4)
The superscript denotes “non-perturbative.” This all goes through for any light spectrum Ch′<0;
to specialize to pure gravity, recall that the number of polar states Ch′<0 can be written in terms
of the integer partition function p(n),
Ch′ = p(h
′ + k)− p(h′ + k − 1) . (5.5)
The sum (5.4) can actually be done in closed form using (5.5) and a basic property of σ1,
k∑
n=1
σ1(n)p(k − n) = kp(k) (5.6)
giving
NNPBH (0) = 24 (kp(k)− (k − 1)p(k − 1)) . (5.7)
19This analytic continuation has been considered in the math literature before: our expression for NNPBH (0) is known
there as the “Rademacher constant.” See e.g. Section 5.1 of [31], or [32].
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This gives the following extremal partition functions for low values of k:
Z1 = q
−1 + 24 + 196884 q + . . .
Z2 = q
−2 + 72 + 42987520 q + . . .
Z3 = q
−3 + q−1 + 120 + 2593096794 q + . . .
Z4 = q
−4 + q−2 + q−1 + 264 + 81026609428 q + . . . .
This appealing result passes a couple of non-trivial checks. Firstly, the proposed constant
for each partition function is a positive integer. This is a necessary condition that any sensible
conjecture must satisfy. Secondly, the chiral CFTs at k = 1 have been classified by Schellekens [15].
A necessary condition for any non-perturbative guess is that the number of currents for the k = 1
theory match one of the allowed values in Schellekens’ classification. The result NBH(0) = 24 for
k = 1 does indeed fall into this list: namely, it matches the theory of 24 bosons compactified on
the Leech lattice. This is especially interesting because the Leech lattice CFT is the unorbifolded
parent of the Monster CFT, which is Witten’s extremal CFT at k = 1.
Before we can claim success, however, we must check whether the perturbative expansion of
(5.7) at large k matches with the perturbative result (2.14) computed earlier. Expanding both,
the non-perturbative conjecture (5.7) gives
NNPBH (0) =
48
√
3
pi
(
e
1
6
pi
√
24k−1k
(
pi
√
24k − 1− 6)
(24k − 1)3/2 −
e
1
6
pi
√
24k−25(k − 1) (pi√24k − 25− 6)
(24k − 25)3/2
)
+ . . .
SNPBH (0) = log
(
NNPBH (0)
)
= pi
√
2
3
k +
1
2
log
(
2pi2
k
)
− 72 + 13pi
2
24
√
6pi
√
1
k
+ . . .
(5.8)
while the perturbative result (2.14) is
SBH(0) = pi
√
2
3
k +
1
2
log
(
2pi2
k
)
− 13pi
2
24
√
6pi
√
1
k
+ . . . (5.9)
Unfortunately these differ at order 1/
√
k. This tells us that, at least at large k, the non-perturbative
conjecture (5.7) is incomplete.20
20Conceivably, (5.7) might nevertheless be correct for low values of k, where the perturbative expression is no
longer even approximately expected to be valid. However, we are reluctant to trust an expression for the exact number
of states at low k when we have presented evidence that the same expression should not be correct at large values of k.
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N = 1
The logic of the previous subsection carries over almost unchanged to the supersymmetric case.
Analytically continuing the N = 1 Rademacher sum of Appendix D to h = 0 for an arbitrary
light spectrum CN=1−h′
2
gives the conjectural number of threshold states to be
NNPBH (0) =
k∗∑
h′=1
8f(h′)CN=1−h′
2
(5.10)
where
f(h′) = |(sum of even divisors of h′)− (sum of odd divisors of h′)| (5.11)
In pure N = 1 supergravity, CN=1n = dN=1n+ k∗
2
, cf. (3.2). This gives the following NS sector partition
functions for low values of k∗:
ZN=11 = q
−1/2 + 8 + 276 q1/2 + . . .
ZN=12 = q
−1 + 8 + 4096 q1/2 + . . .
ZN=13 = q
−3/2 + 32 + 33606 q1/2 + . . .
ZN=14 = q
−2 + q−1/2 + 40 + 196884 q1/2 + . . . . (5.12)
Again, it is encouraging that (5.10) predicts a non-negative integer number of states at
threshold. Furthermore, the case k∗ = 1 corresponds to a known theory: ZN=11 is exactly
the partition function for 8 free bosons compactified on the E8 root lattice, along with their
superpartners. Orbifolding this E8 theory by the natural Z2 gives the Conway CFT, in the same
way that orbifolding the Leech lattice gives the Monster CFT.
However, unitarity also requires that any conjecture must predict a non-negative number of
states in the Ramond sector as well. Unfortunately, this check fails starting at k∗ = 16, and for
all even values of k∗ ≥ 16 this conjecture (barely) predicts a negative number of Ramond ground
states; see Figure 6. So while this non-perturbative guess comes remarkably close to predicting a
viable partition function, it ultimately conflicts with unitarity, at least for even k∗ ≥ 16.
While a logical possibility is that (5.10) is correct for all odd k∗, this is obviously not completely
satisfactory. Similarly, (5.10) may also be correct for k∗ < 16 only. We believe the story at
both N = 0 and N = 1 to be tantalizing, but incomplete; we hope that these conjectures may
ultimately be augmented or better understood.
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Fig. 6: Here we plot the ratio of the log of the number of NS primaries at k
∗
2 predicted by
our analytic continuation (5.10) to log |βk∗ |, as a function of k∗. Although these functions are
extremely close (differing by 0.002% at k∗ = 10000), the number of predicted h = 0 NS primaries
is always less than |βk∗ |. This means that for even k∗, where |βk∗ | is a lower bound for the
number of primaries, the prediction is not consistent with unitarity.
5.2. A Modular Approach
In general, given an infinite family of CFTs indexed by some integer N , one can construct a
generalized partition function by summing over the partition functions ZN (τ), weighted by a
fugacity whose chemical potential is conjugate to N . We carry this out below for chiral CFTs,
indexed by k = c/24, whose polar spectrum takes a fixed structure. Some comments related to
this will appear in [33].
Suppose we have a sequence of chiral partition functions Zk(τ) for theories with central charge
c = 24k. We can construct the generating function
Z(σ, τ) =
∑
k
pkZk(τ) . (5.13)
with p ≡ e2piiσ, q ≡ e2piiτ . Now suppose the polar spectrum is given by
Zk(τ) = q
−k(1 + c1q + c2q2 + . . .+ ck−1qk−1) + non-polar (5.14)
where the ci are the same for all k; only the location of the threshold changes. Let’s denote the
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generating function of this fixed light spectrum as,
∞∑
i=0
ciq
i ≡ X (q) , (5.15)
where c0 ≡ 1. Now we can begin to construct the generating function,
Z(σ, τ) = p
(
1
q
+ . . .
)
+ p2
(
1
q2
+ c1
1
q
+ . . .
)
+ . . .
=
1
q
∞∑
i=0
cip
i+1 +
1
q2
∞∑
i=0
cip
i+2 + . . .
= X (p)
∞∑
i=1
(p/q)i + . . .
=
pX (p)
q − p + . . . ,
(5.16)
Here the ellipses represents our ignorance about the non-polar terms, but these can be fixed by
using modular invariance. In particular, we want a modular invariant function of q that has a
simple pole at p with the correct residue. This fixes Z(σ, τ) up to an overall function of p, call it
R(p), which encodes our ignorance about the number of states at threshold:
Z(σ, τ) = ∂σj(σ)
2pii(j(τ)− j(σ))X (p) +R(p)
=
E24(σ)E6(σ)
∆(σ)(j(σ)− j(τ))X (p) +R(p)
(5.17)
where we recall the definition ∆(σ) = η24(σ). For the case of extremal or near-extremal CFTs,
the generating function X (p) is just the Virasoro vacuum character (times qk),
X (p) = (1− p)p
1/24
η(σ)
, (5.18)
and the grand canonical partition function is,
Z(σ, τ) = (1− p) E
2
4(σ)E6(σ)
∆(σ)(j(σ)− j(τ))
p1/24
η(σ)
+R(p) . (5.19)
If we take the number of states at h = 0 to be (5.7), we get
R(p) = −(1− p)p
1/24
η(σ)
E2(σ) , (5.20)
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where E2(σ) is the second holomorphic Eisenstein series, defined in Appendix A; one can check this
by expanding (5.19) at small p for fixed q, and comparing to
∑
k p
kNNPBH (0). Perhaps suggestively,
this has nice modular properties. We note for comparison that a grand canonical sum over
extremal CFT partition functions gives R(p) = 0.
Without any additional input, we do not know what modular properties the grand canonical
partition function should have; if we did, this would fix R(p), thereby giving an answer for the
number of black hole states at threshold. However, the form of Z(σ, τ) suggests that perhaps the
correct answer has some well behaved modular behavior in σ. This would be a very exciting way
to access quantum gravity in the Planckian regime. Some comments on modular transformation
properties of grand canonical partition functions will appear in [33].
6. Small Black Holes From Modularity in Chiral CFT
Implicit in our discussion so far has been an interpretation in terms of a holographically dual
chiral (or holomorphically factorized) CFT. To summarize, we have argued that the dual to pure
gravity is not an extremal CFT, but rather a near-extremal CFT which has NBH(0) states at
level k, where NBH(0) was given to all orders in 1/k perturbation theory in (2.14). Analogous
statements hold for pure N = 1, 2 supergravities.
Given that we lack a complete conjecture for NBH(0) valid at all k, a construction of these
putative near-extremal CFTs at low k is not yet possible. However, chiral CFTs are subject to
strong constraints imposed by modularity, holomorphy and crossing symmetry, which help define
the landscape of chiral CFTs. Some basic facts about chiral CFTs are reviewed in Appendix
A. In this section, we derive one such result that is especially relevant to the preceding gravity
computations: in any chiral CFT with spin-1 currents, the number of primary states at level k
is bounded from below. Moreover, at large k, this lower bound grows exponentially with
√
k,
mimicking the behavior of NBH(0).
Our starting point is the partition function,
Z(τ) = Tr qL0 =
∞∑
h=−k
Chq
h, (6.1)
where h ∈ Z in a chiral CFT. We may also decompose Z(τ) into Virasoro characters,
Z(τ) =
∞∑
h=−k
Nh+k χh(τ), (6.2)
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We have introduced a new notation for later convenience:
C−k+` = total number of states at level ` above the vacuum,
N` = total number of Virasoro primary states at level ` above the vacuum.
(6.3)
A physical CFT has non-negative integer degeneracies: N` ∈ N.
As we review in Appendix A, Z(τ) is a meromorphic function on the Riemann sphere C∗ with
a kth order pole at τ = i∞ and no other poles. Accordingly, it can be written as
Z(τ) = ∆(τ)−kZ(τ), (6.4)
where ∆(τ) = η24(τ) is the modular discriminant, which is a modular form of weight 12, and
Z(τ) is a modular form of weight 12k. Similar statements hold for n-point functions; while for
n > 1 there are modular “anomalies,” one can still derive powerful conclusions using modularity.
To demonstrate this, we now consider a chiral CFT with spin-1 currents Ja, where a = 1, . . . , N1,
and perhaps other polar primaries too. Rather than computing the partition function, we can
construct the weighted partition function,
P (τ, F a) = Tr eF
aJa0 qL0 , (6.5)
where we have introduced a potential F a for each current. This function is not modular invariant,
but its transformation properties are known [15]. The simplest way to obtain interesting constraints
is to expand in powers of F . We have
P (τ, F a) = Z(τ) + Paa(τ)F
a2 + . . . , (6.6)
where
Paa(τ) ≡ 1
2
Tr (Ja0J
a
0 q
L0) ≥ 0 (6.7)
is the current two-point function on the torus. Importantly, this must be non-negative. We can
constrain the form of this object using modularity. First, at the cusp at infinity, Paa(τ = i∞) ∼ q−k,
coming from the identity piece of the trace. Paa(τ) almost transforms with modular weight two,
but for an “anomaly” factor that may be computed explicitly [15]. Altogether, one may write
Paa(τ) as
Paa(τ) = ∆(τ)
−k12k+2 +
1
48
E2(τ)Z(τ), (6.8)
where 12k+2 is an SL(2,Z) modular form of weight 12k + 2.
We now note the following very useful fact: ∆−k12k+2 has a vanishing constant piece for any
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modular form 12k+2! The proof is simple. Define the modular derivative
Dw ≡ qdq − w
12
E2 . (6.9)
Its action on weight-w forms takes them to weight-(w + 2) forms. Using
q∂q log ∆ = E2, (6.10)
we can generate any weight 12k + 2 modular form 12k+2 in terms of a weight 12k modular form
12k as
21
∆−k12k+2 = ∆−kD12k12k = qdq(∆−k12k), (6.11)
which concludes the proof.
This fact leads to interesting constraints on the constant term of (6.8): in particular, the
contribution of ∆−k12k+2 vanishes. Given that the correlator Paa(τ) must have a q-expansion with
non-negative coefficients, imposing this condition relates the degeneracies of the “light” operators
with −k ≤ h < 0 to one another, due to the appearance of Z(τ) in (6.8). By demanding positivity
of the constant term of Paa(τ), one finds the following: for any chiral CFT with spin-1 currents,
the total number of states at h = 0, namely C0, is bounded as
C0 ≥ 24
−1∑
h=−k
Chσ1(−h) . (6.12)
This follows simply from (6.1) and (A.6).
For example, in a k = 2 chiral CFT with N1 currents, positivity of Paa means that the total
number of spin-2 states, C0, is bounded as
C0 ≥ 24(N1 + 3). (6.13)
Let us consider this constraint in the case of U(1) currents. If we assume that the stress tensor is
independent of the U(1) currents, there are 1 +N1(N1 + 3)/2 descendants under the Virasoro and
current algebra at level 2. So the number of spin-2 primaries, N2, is bounded as
N2 ≥ −1
2
N21 +
45
2
N1 + 71 . (6.14)
This implies that there must exist spin-2 primaries whenever 1 ≤ N1 < 48. In fact, if the stress
21The space M12k of weight-12k modular forms is dimension k + 1, whereas the space M12k+2 of weight-12k + 2
modular forms is dimension k, so D12k annihilates the weight-12k modular form ∆
k and takes the rest of M12k onto
M12k+2.
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tensor is independent from the descendants of the U(1) currents, N1 ≤ 48 is already required in
order not to violate Cardy’s formula. If we assume a single null vector at level 2 (which would be
the case if we have a Sugawara stress tensor) then our inequality becomes trivial, N2 ≥ 0, when
N1 = 48. This would be saturated for free bosons on a 48-dimensional even self-dual lattice.
Large k
At large k, we can say more: after subtracting all descendants at h = 0, the bound (6.12)
translates to a lower bound on the number of level-k primaries, Nk, which grows exponentially in√
k with a positive overall coefficient. This is evident from (6.12), as we now explain. First, it’s
clear that the number of descendants at level k is less than the right-hand side of (6.12), which
is the sum over the total number of states at all levels ` < k, weighted by 24σ1(k − `) ≥ 24. This
proves that there exists a non-trivial bound on Nk. To see that it grows exponentially with
√
k,
we approximate Ch by its Cardy growth
Ch ≈ e2pi
√
ceff(
(h+k)
6
− ceff
24
) (6.15)
where we ignore subleading asymptotics. ceff counts the number of light primaries in the CFT;
for a theory of N1 spin-1 currents and the Virasoro vacuum module, for instance, ceff = N1 + 1.
Then subtracting the descendants, which scale the same way as (6.15), gives
Nk ≥ 24
( −1∑
h=−k
e2pi
√
ceff(
(h+k)
6
− ceff
24
)σ1(−h)
)
− e2pi
√
ceff(
k
6
− ceff
24
)
. (6.16)
Given that σ1(k) grows sub-exponentially for large k,
lim sup
k→∞
σ1(k)
k log log k
= eγ (6.17)
where γ is the Euler-Mascheroni constant (e.g. [34], p.266), we arrive at
Nk & e2pi
√
ceffk
6 (6.18)
to leading order in large k.
This exponential lower bound has the same scaling of NBH(0) in pure gravity derived in
Section 2, albeit with a different value of ceff reflecting the presence of currents. Even by adding
a single U(1) current to the gap, we have shown, using an independent chiral CFT argument,
that the number of threshold primaries Nk at level k is bounded below by an exponentially
growing function of
√
k. An important caveat is that the presence of a current in the theory also
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changes the threshold for black holes and makes it charge-dependent,22 e.g. in AdS3 gravity plus
a gauge field a horizon forms when mBH & 18GN +
Q2
2 for an abelian current with central charge
1. Therefore, not all of the Nk threshold primaries need be dual to black holes: in particular,
some of them may sit slightly below the black hole threshold if they have sufficiently large charge.
Nevertheless, if there are “pure gauge plus gravity” theories that do not have such states, (6.18)
applied to them would be a lower bound on the number of neutral black hole states at threshold.
In all, this bound on Nk suggests a universality of our gravity result even in the presence of
matter and, conversely, gives CFT support to the bulk computation. An obvious goal would be
to determine, from CFT, whether (6.18) holds when continued to the pure gravity value ceff = 1.
If so, this would rule out extremal CFTs at large k. Our approach here is similar to adding
supersymmetry, and is indicative of a more general lesson: given any spin-s current, the graded
partition function is subject to new modular constraints. We hope to report more on this “chiral
bootstrap” in the future.
7. Discussion
In this paper, we have computed quantum corrections to the entropy of small black holes in
AdS3 pure gravity. As a result we were able to make a conjecture for the entropy of black holes
with vanishing classical horizon area. In the supersymmetric context, this conjecture passed an
all-orders consistency requirement. Furthermore, as we have emphasized, this increased number
of states at threshold allows the N = 2 extremal theories to evade the no-go theorem of [20].
These computations in extremal and near-extremal gravity theories represent one of the cleanest
possible contexts in which to study quantum corrections to black hole entropy, as well as the
thermodynamic properties of small black holes.
Though our computations were focused on the case of pure gravity, the results have applicability
even with additional matter. If we allow extra light states, as in our CFT computation of Section
6, our formula for the degeneracy of light black holes (2.11) gets modified to
NBH(h) ∝ e4pi
√
(k− 124)(h+ 124) +
∑
−k<h′<0
Nh′+ke
4pi
√
(|h′|− 124)(h+ 124) , (7.1)
where the second term now incorporates contributions from light states above the vacuum, and
Nh′+k is the number of primary states at level h
′ + k above the vacuum. For sufficiently sparse
22This is also clear from the N = 2 discussion in Section 4, and from the definition of the black hole threshold for
bosonic charged BTZ black holes, where the spectral flow invariant sets the black hole threshold at leading order in
large k.
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theories the leading order black hole entropy is unchanged from our result (2.13).
SBH(h) ∼ 4pi
√(
k − 1
24
)(
h+
1
24
)
. (7.2)
Furthermore, the contributions from additional light states when naively continued to h = 0 serve
to increase the number of black holes at threshold.
There are a number of unanswered questions, however. Chief among them is whether fully
consistent near-extremal CFTs exist. For the case of extremal CFT there have been a variety of
consistency checks, [3, 35,36] and no-go theorems [11,12,20,21]. For near-extremal theories even
less is known. We have advocated that pure gravity requires a minimal version of non-extremality,
modifying only the number of threshold black hole states. Our conjecture for the degeneracy of
these states introduces a strong, novel constraint, and will hopefully be useful in fully determining
the dual CFTs. A tantalizing intermediate step is the question of the correct non-perturbative
completion of our conjecture for the number of states at h = 0. While the non-perturbative
completions we considered in Section 5 turned out not to match our perturbative results of
Sections 2 and 3 when expanded at large central charge, they were quite close. This raises an
interesting possibility, not explored in detail here, that allowing a relatively small number of
additional states below h = 0 may allow for such match.
Another interesting direction is how to understand the quantum corrections to black hole
entropy from a spacetime calculation. For instance, is it possible to identify the saddles contributing
the entropy of the black holes with zero classical size?
From the more algebraic side, it is clear that modularity of the torus and higher genus partition
functions, particularly in conjunction with crossing symmetry of four-point functions, provides
especially strong constraints in sparse chiral CFTs [3,35]. It would be fantastic if these constraints
could be harnessed to complete the construction of some subclass of holographic CFTs, or to
further narrow the landscape of such theories a` la the conformal bootstrap.
To conclude, while chiral theories lack some of the hallmarks of more familiar gravity, such as
low spin black holes, bulk local degrees of freedom, and chaos, they do resemble the gravitational
sector of traditional non-chiral theories in AdS3, and can be thought of as a laboratory for
studying gravitational interactions between non-chiral degrees of freedom. Given the powerful
techniques available in AdS3/CFT2, we expect that further results along the lines of what we
have presented here are in the offing.
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Appendix A. Special Functions and Basics of Chiral CFTs
Special Functions
In this appendix, we define some special functions used in the paper. We always define q ≡ e2piiτ
and y ≡ e2piiz.
The Dedekind eta function is defined as
η(τ) = q
1
24
∞∏
n=1
(1− qn) (A.1)
The modular discriminant is ∆(τ) = η(τ)24.
The Jacobi theta functions are defined as
θ1(τ, z) = −iq 18 y 12
∞∏
n=1
(1− qn)(1− yqn)(1− y−1qn−1)
θ2(τ, z) = q
1
8 y
1
2
∞∏
n=1
(1− qn)(1 + yqn)(1 + y−1qn−1)
θ3(τ, z) =
∞∏
n=1
(1− qn)(1 + yqn− 12 )(1 + y−1qn− 12 )
θ4(τ, z) =
∞∏
n=1
(1− qn)(1− yqn− 12 )(1− y−1qn− 12 ). (A.2)
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When we drop the second argument, we are implicitly setting z to 0, giving
θ1(τ) = 0
θ2(τ) = 2q
1
8
∞∏
n=1
(1− qn)(1 + qn)2
θ3(τ) =
∞∏
n=1
(1− qn)(1 + qn− 12 )2
θ4(τ) =
∞∏
n=1
(1− qn)(1− qn− 12 )2. (A.3)
We also define the generators of the ring of weak Jacobi forms as
E4(τ) = 1 + 240
∞∑
n=1
σ3(n)q
n
E6(τ) = 1− 504
∞∑
n=1
σ5(n)q
n
φ0,1(τ, z) = 4
4∑
i=2
θi(τ, z)
2
θi(τ, 0)2
φ−2,1(τ, z) =
θ1(τ, z)
2
η(τ)6
(A.4)
where
σx(n) =
∑
d|n
dx. (A.5)
Finally, we also make use of the second holomorphic Eisenstein series, E2(τ), which we
normalize as
E2(τ) = 1− 24
∞∑
n=1
σ1(n)q
n (A.6)
This obeys
q∂q log ∆(τ) = E2(τ) (A.7)
Basics of Chiral CFTs
Here we provide some background on chiral CFTs. Consider a general chiral CFT with central
charge c = 24k. All chiral CFTs are theories of the identity module of some exotic W -algebras:
every operator, being holomorphic, is either a primary current or a descendant of a primary
current.
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The conventional expansion of Z(τ) in terms of characters, as in (6.1), makes manifest the
usual organization into conformal families, but obscures some crucial underlying structure. The
theory must be conformally invariant in Euclidean signature, so that
Z(τ) = Z(γτ), γτ ≡ aτ + b
cτ + d
(A.8)
where
γ =
(
a b
c d
)
∈ SL(2,Z) (A.9)
describes a general modular transformation. We will denote by FSL(2,Z) the usual fundamental
domain under modular transformations. The partition function should also be finite for every
value of τ with Im τ > 0. Finally, as the theory is chiral the partition function should depend
holomorphically on τ . Thus the partition function can be regarded as a meromorphic function on
FSL(2,Z) with a pole at τ = i∞ of order k.
This strongly constrains the possible chiral spectra. One convenient way to write these
constraints is to use the j-function j(τ), which is (up to a constant) the unique meromorphic
function which maps the fundamental domain FSL(2,Z) onto the Riemann sphere C∗ with a simple
pole at i∞. We will choose a normalization such that
j(τ) = q−1 + 744 + 196884q + . . . (A.10)
The partition function can be viewed as a meromorphic function on C∗ with a kth order pole at
i∞. Thus it is a polynomial,
Z(τ) = a0j(τ)
k + a1j(τ)
k−1 + . . . ak (A.11)
for some ai ∈ Z. Three features of chiral CFTs are immediately apparent:
• The central charge c = 24k is quantized, k ∈ Z.
• The dimensions ∆ ∈ Z are also quantized, h ∈ Z.
• The partition function is uniquely determined by the k + 1 coefficients ai.
This latter point is important: it means, for example, that Z(τ) is uniquely determined by its
polar part.
We note that the above results can be formulated in terms of modular functions as follows.
Let us write
Z(τ) = ∆(τ)−kZ(τ) (A.12)
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The advantage of this definition is that Z(τ) does not have a pole in the upper half complex τ
plane. Thus, Z(τ) is a modular form of weight 12k, which may be expanded in terms of the
Eisenstein series E4(τ) and E6(τ), which form a basis for the vector space of modular forms and
transform with weight 4 and 6, respectively:
Z(τ) = b0E3k4 + b1E3k−34 E26 + · · ·+ bkE3k6 (A.13)
We note that the number of modular forms of weight 12k is precisely k+1, and that the coefficients
bi can be mapped onto the coefficients ai above.
Appendix B. Generating Function for βk∗
In this appendix, we will derive the generating function for βk∗ given in equation (3.21). This
derivation mirrors very closely techniques used in Section 5.2 of [20].
We first define a function counting N = 1 descendants of the vacuum, namely
χN=1vac (τ) = q
−k∗
2 χ(τ) , where χ(τ) ≡
∞∏
n=1
1 + qn+
1
2
1− qn+1 =
∑
h≥0
h∈ 1
2
Z
dN=1h q
h. (B.1)
Furthermore, for each positive integer k∗ let us define ZWk∗ (τ) to be the unique Γθ-invariant
function such that
ZWk∗ (τ) = q
− k∗
2 χ(τ) +O(q 12 ). (B.2)
The ZWk∗ are precisely the N = 1 NS partition functions considered in [3]. βk∗ is then given by
βk∗ = (−1)k∗ZWk∗ (τ = 1). (B.3)
Since ZWk∗ (τ) is invariant under Γθ and only has a pole at τ = i∞, it can be written as a
polynomial in K(τ) of degree k∗, where K(τ) is a function parametrizing H/Γθ, namely
K(τ) ≡ ∆
2(τ)
∆(2τ)∆(τ/2)
= q−
1
2 + 24 + 276q
1
2 + 2048q + 11202q
3
2 + . . . . (B.4)
We can build ZWk∗ (τ) in an explicitly Γθ-invariant manner from its polar pieces. In particular, for
h ∈ 12Z, let ℘h be the unique polynomial (of degree 2h) such that
℘h(K) = q
−h +O(q 12 ). (B.5)
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Then we have
ZWk∗ (τ) =
k∗
2∑
h=0
h∈ 1
2
Z
dN=1h ℘ k∗
2
−h(K). (B.6)
From (B.3) we then get
(−1)k∗βk∗ =
k∗
2∑
h=0
h∈ 1
2
Z
dN=1h ℘ k∗
2
−h(K(τ = 1))
=
k∗
2∑
h=0
h∈ 1
2
Z
dN=1h ℘ k∗
2
−h(0) (B.7)
where we used the fact that K(τ = 1) = 0. Then from (B.7) we see
∞∑
k∗=1
(−1)k∗βk∗q
k∗
2 =

k∗
2∑
h=0
h∈ 1
2
Z
dN=1h q
h

∑
n≥0
q
n
2 ℘n
2
(0)

= χ(τ)
∑
n≥0
q
n
2 ℘n
2
(0)
 . (B.8)
In Section 5.2 of [20] it was shown that∑
n≥0
q
n
2 ℘n
2
(0) = θ4(τ)
4 − θ2(τ)4 (B.9)
which gives
∞∑
k∗=1
(−1)k∗βk∗q
k∗
2 = χ(τ)
(
θ4(τ)
4 − θ2(τ)4
)
=
√
θ3(τ)
η(τ)3
(
θ4(τ)
4 − θ2(τ)4
)
q
1
16 (1−√q) . (B.10)
Appendix C. Perturbative Contributions to the Entropy
There will generally be additional corrections to SBH(h) even in perturbation theory, which will
be suppressed by powers of 1/k. Here we will compute these corrections by saddle point, and
46
at h = 0 obtain an expression resumming these perturbative corrections to all orders. We first
require an analytic expression for the number of descendants dh that can be used to do the saddle
point integral. For the non-supersymmetric case, (2.9) can be evaluated using a famous result
from Rademacher:23
p(n) = 2pi
(
1
24
n− 124
) 3
4 ∞∑
k=1
1
k
Ak(n− 1) I 3
2
(
pi
k
√
2
3
(
n− 1
24
))
, (C.1)
where
Ak(n− 1) =
k∑
m=1
(m,k)=1
e−pii(s(m,k)−
1
k
2nm) (C.2)
with
s(m, k) =
k−1∑
n=1
n
k
(
mn
k
− bmn
k
c − 1
2
)
(C.3)
We explain where this expression comes from in Appendix D. At large m, the k > 1 terms are
exponentially suppressed. Isolating the k = 1 term and using the large argument asymptotics for
the Bessel function,
I 3
2
(x 1) ∼ e
x
√
2pix
(
1− 1
x
)
, (C.4)
gives the following approximation for the number of Virasoro vacuum descendants at level m 1:
dm =
2
√
3e
1
6
pi
√
24m−1 (pi√24m− 1− 6)
pi(24m− 1)3/2 −
2
√
3e
1
6
pi
√
24m−25 (pi√24m− 25− 6)
pi(24m− 25)3/2 , (C.5)
Appendix D applies methods of (C.1) to obtain similar results that we will need to treat
supersymmetric cases later on in this appendix.
It turns out that there is a very simple method to perform the integral approximation to (2.8)
to all orders in 1/k immediately. However, to make the logic of the argument clear, in the next
subsection C.1, we will first perform a brute force evaluation, order by order in 1/k, which is
more difficult computationally but simpler conceptually. Then, in subsection C.2, we will present
the simpler computation. We also extend the derivation to the N = 1 case.
C.1. Direct Saddle Point Evaluation
Here we will compute the first few subleading corrections to the entropy at h = 0 for the non-
supersymmetric case. First, from the asymptotic formula for the number of vacuum descendants,
23See e.g. [37] for the original derivation, or [38] pg 69 for a more recent treatment.
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we have
log (dx) ≈ pi
√
2x
3
− 3
2
log x+ log
[
pi
12
√
2
]
. (C.6)
Similarly, for the Bessel function we have
log(I1(x)) ≈ x− 1
2
log x− 1
2
log 2pi. (C.7)
The integral we want to do by saddle point now includes these additional terms in its exponential,
as well as a log 2pi from the prefactor. Denoting this exponential by S, we have
S ≈ pi
(√
2(k − |h′|)
3
+ 4
√
h|h′|
)
+
1
4
log
( |h′|
h3 (k − |h′|)6 21234
)
. (C.8)
We can find the saddle point in an expansion around k∗, |h′| large. The position of the saddle
point is shifted by the higher order corrections:
h′ ≈ − 24hk
1 + 24h
− (1 + 144h)
√
3k√
2(1 + 24h)3/2pi
. (C.9)
Expanding around this saddle point and including the log terms that arise from the integral, we
finally arrive at
SBH(h) ≈ pi
√
k
(
2
3
+ 16h
)
− 1
2
log k + log
(√
2pi
)
+ . . . , (C.10)
producing the result given in the second line of equation (2.14). One can continue to perform
the saddle point integration by brute force to higher and higher orders, and we have explicitly
checked up to O(k−2) that this reproduces the perturbative expansion of the first line of (2.14).
C.2. Indirect Saddle Point Evaluation
Now, we will argue that the saddle point integral can be performed in closed form to all orders in
the large k expansion of the exponent. Let us write the saddle point integral we are trying to do
as ∫ ∞
−∞
Mh(h
′)dh′ ≡ Lh,
Mh(h
′) = 2piCh′
√
−h′
h
I1
(
4pi
√−h′h
)
.
(C.11)
As written, the integration makes sense only as a formal expression that should be interpreted
as an instruction to perform the integral by saddle point. The reason this is necessary is that
Mh(h
′) does not vanish at the boundaries of integration h′ = ±∞ (in fact as h′ → −∞ it grows
without bound), and furthermore these boundaries are not connected to the saddle point by a
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path of stationary phase. To make the integral converge, we have to regulate it:∫ Λ+
Λ−
Mh(h
′)dh′ ≡ Lh + Sh, (C.12)
where as a result of the regularization, there is now a small (i.e. exponentially subleading at
large k) correction term Sh. The lower limit of integration Λ− can be taken to be approximately
Λ− ∼ −k; the exact value does not matter because throughout our analysis, O(1) changes in Λ−
will change the result of the integral by an exponentially subleading amount. Naively, one might
think the same is true of Λ+; however when we take the limit h→ 0, small deviations in Λ+ will
matter. To make the saddle point integration a valid approximation, we want to take Λ+ so that
the integration contour lies on a path of stationary phase. Since the path of stationary phase
comes to an endpoint at h′ = 0, this restricts Λ+ ≤ 0. Furthermore, we need the the contour to
include the saddle point, so we must take Λ+ ≥ − 24hk1+24h (from equation (C.9)). This implies that
we must take Λ+ = 0 if we want Sh in (C.12) to remain exponentially small even as h→ 0. As a
result, we can write
L0 ≡ lim
h→0
Lh = lim
h→0
[∫ 0
Λ−
Mh(h
′)dh′
]
+ S′, (C.13)
where S′ is exponentially small and so can be discarded. Taking the limit inside the integral,
L0 ∼=
∫ 0
Λ−
dh′M0(h′) =
∫ 0
Λ−
dh′(−4pi2)h′Ch′
=
∫ 0
Λ−
dh′(−4pi2)h′dh′+k
∼= 2
√
3
[
e
pi
6
√
24k−1 − epi6
√
24k−25
]
,
(C.14)
where we have used the expression (C.5) for the number of descendants, and discarded the
exponentially subleading Λ−-dependent terms ∼ epi6
√
24(k+Λ−)−1. This is the expression given in
the first line of (2.14).24
24Let us comment in some more detail on the structure of the saddle point integration, and in particular see why
we can use just the leading order saddle point. Rescaling h′ = kx and taking x∗k to be the leading order saddle point
value, i.e. x∗ ≡ 24h1+24h , the integrand Mh has an expansion of the form
Mh(kx) = exp
(√
kb0 + b1(x− x∗) +
√
k
[
− b2(x− x∗)2 + b3(x− x∗)3 + b4(x− x∗)4 + . . .
])
. (C.15)
The bi coefficients are k- and h-dependent, but the leading k-dependence is factored out so that they behave like
O(k0) at k →∞. Consequently, all terms other than the constant term b0 and the quadratic term are small and can
be treated in a perturbative expansion, as one can see explicitly in the coordinates u = k1/4(x− x∗). Thus, as long
as the lower bound of integration on x is less than x∗, the saddle point integral is exponentially insensitive to its
exact value. By taking the lower bound to be 0, it remains less than x∗ for all h > 0, and it remains on the path of
stationary phase.
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We can do the same procedure for the N = 1 case. We will show in Appendix D that the
growth of N = 1 descendants of the vacuum at level m goes as
dN=1m ≈
√
2
pi
(
e
pi
4
√
16m−1(pi
√
16m− 1− 4)
(16m− 1)3/2 −
e
pi
4
√
16m−9(pi
√
16m− 9− 4)
(16m− 9)3/2
)
. (C.16)
We want to integrate this against a Bessel function as in (3.4), and take the h→ 0 limit inside
the integral. Using the fact that at small argument, I1(x) ∼ x2 , this gives
NN=1BH (0) ∼= 2(2pi2)
∫ 0
Λ−
dh′
(
−h′dN=1k∗
2
+h′
)
∼=
√
2
(
e
pi
√
k∗
2
− 1
16 − epi
√
k∗
2
− 9
16
)
SN=1BH (0) = pi
√
k∗
2
− 1
2
log k∗ + log
(pi
2
)
+O
(
1√
k∗
)
. (C.17)
(Note that we get an extra factor of 2 when converting the sum in (3.4) to an integral since the
sum goes over half-integers.)
Appendix D. Rademacher Sums and Ramanujan’s Sum
Throughout the previous sections we used perturbative expansions for the coefficients of various
functions expanded in q = e2piiτ . In this appendix we describe a useful technique, due to
Rademacher, to arrive at these expressions. The final expressions we use are summarized at the
end of this appendix.
In 1937, Rademacher provided a nice formula for how to complete the polar part of a modular
form of negative or zero weight [39]. Given a modular form of weight w < 0 with multiplier
system, .
f
(
aτ + b
cτ + d
)
= (a, b, c, d)(cτ + d)wf(τ) , (D.1)
Rademacher’s formula gives the contribution to the qm+α term from a singularity of order 1
qn−α as
am,n = 2pi
∞∑
c=1
Aαc,n(m)
c
(
n− α
m+ α
) 1−w
2
I1−w
(
4pi
c
√
(n− α)(m+ α)
)
. (D.2)
Here, Aαc,n(m) is a minor generalization of the Kloosterman sum to accommodate the multiplier
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system,
Aαc,n(m) =
c∑
d=1
(c,d) =1
(−i)w e
−2pii(ac (n−α)− dc (m+α))
(a, b, c, d)
. (D.3)
A classic application of this formula is to the partition of integers. Recall,
∞∑
n=0
p(n)qn =
q1/24
η(τ)
. (D.4)
Here η is the Dedekind eta function, which transforms as,
η
(
aτ + b
cτ + d
)
= (cτ + d)1/2(a, b, c, d)η(τ) , (D.5)
with
(a, b, c, d) =
{
e
piib
12 c = 0√−iepii(a+d12c −s(d,c)) c > 0 , (D.6)
and s(d, c) is the Dedekind sum,
s(d, c) =
c−1∑
n=1
n
c
(
dn
c
−
⌊
dn
c
⌋
− 1
2
)
. (D.7)
So, η(τ)−1 is a modular form of weight −12 and multiplier system −1, which behaves as
limτ→i∞ η(τ)−1 = q−1/24 + nonpolar. We can thus use (D.2) to write,
p(`) = 2pi
∞∑
c=1
A
23/24
c,1 (`− 1)
c
I3/2
(
pi
6c
√
24`− 1)
(24`− 1)3/4
=
1
pi
√
2
∞∑
c=1
A
23/24
c,1 (`− 1)
d
d`
sinh
(
pi
c
√
2
3(`− 124)
)
√
`− 1
24
c
 .
(D.8)
This is Rademacher’s formula for the partition of integers quoted above, (C.1), where we simplified
notation and wrote A
23/24
c,1 (n− 1) as Ac(n− 1).
As mentioned above, we can also use the Rademacher sum to express the partition function of
a chiral CFT in terms of its poles. Because the partition function is completely invariant under
modular transformation, the multiplier system, weight, and shift α all vanish in Aαc,n(m), so (D.3)
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simplifies to25
Ac,n(m) =
c∑
d=1
(c,d) =1
e2pii(
a
c
n− d
c
m). (D.9)
Given a pole of order n we get a contribution to the qm term of,
am,n = 2pi
∞∑
c=1
Ac,n(m)
c
√
n
m
I1
(
4pi
c
√
nm
)
. (D.10)
This can be naively continued to m = 0 giving,
a0,n = 4pi
2n
∞∑
c=1
Ac,n(0)
c2
= 24σ1(n) .
(D.11)
Here,
Ac,n(0) =
c∑
a=1
(a,c) =1
e2pii
a
c
n . (D.12)
This is known as Ramanujan’s sum.
D.1. Γθ Rademacher Sum
We also would like to use Rademacher sums to get expressions for the partition functions,
descendants, and βk∗ in the supersymmetric cases. The partition function discussion is almost
identical except that we now have four sectors corresponding to the four spin structures on the
torus. Three of these transform into each other under SL(2,Z), so we can either perform the
appropriate Rademacher sum for vector valued modular forms, or we can consider subgroups of
SL(2,Z) which preserve the appropriate spin structure. For brevity, we will discuss the latter
method, focusing on the NS sector partition function which is invariant under Γθ,
Γθ =
{
γ =
(
a b
c d
)
∈ SL(2,Z) : a+ b is odd and c+ d is odd
}
. (D.13)
25We drop the overall minus sign in the exponential of (D.9) to match conventions in the literature; when , w, and
α all vanish it can be shown that this minus sign does not matter after doing the sum over d.
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It is easy to check that the different methods give identical results. The Rademacher sum for a
Γθ modular form has coefficients given by,
a(N=1)m,n = pi
∞∑
c=1
A
(N=1)α
c,n (m)
c
(
n− α
m+ α
) 1−w
2
I1−w
(
4pi
c
√
(n− α)(m+ α)
)
, (D.14)
with,
A(N=1)αc,n (m) =
2c∑
d=1
(c,d) =1
c+d∈ 2Z+1
(−i)w e
−2pii(ac (n−α)− dc (m+α))
(a, b, c, d)
.
(D.15)
In (D.15), the Kloosterman sum runs over elements of Γθ rather than SL(2,Z).
For the partition function, a pole of order n contributes
a(N=1)m,n = pi
∞∑
c=1
A
(N=1)
c,n (m)
c
√
n
m
I1
(
4pi
c
√
nm
)
. (D.16)
to the qm term. Again this can be continued to m = 0 giving a slight modification of Ramanujan’s
sum,
a
(N=1)
0,n = 2pi
2n
∞∑
c=1
A
(N=1)
c,n (0)
c2
= 8f(n) ,
(D.17)
where we have introduced
f(h′) = |(sum of even divisors of h′)− (sum of odd divisors of h′)|. (D.18)
Here,
A(N=1)c,n (0) =
2c∑
d=1
(d,c)=1
d+c∈2Z+1
e2pii
a
c
n . (D.19)
The generating function for the number of vacuum descendants for the N = 1 theory is given
by
∞∑
m=0
m∈ 1
2
Z
dN=1m q
m = q
1
16 (1−√q)
√
θ3(τ)
η(τ)3
. (D.20)
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while βk∗ has the generating function,
∞∑
k∗=1
(−1)k∗βk∗qk∗/2 = q
1
16 (1−√q)
√
θ3(τ)
η(τ)3
(θ4(τ)
4 − θ2(τ)4) . (D.21)
as derived in Appendix B. Ignoring the prefactor of q
1
16 (1−√q), these both have nice modular
properties. Although they do not have negative weight and the Rademacher sum (D.14) does not
give a convergent expansion for the coefficients, it does still give an asymptotic expansion from
which we can read off the perturbative part from the c = 1 term in the sum. Afterwards, we can
easily convolve back in the q
1
16 (1−√q) term. This gives
dN=1m ≈
√
2
pi
(
e
pi
4
√
16m−1(pi
√
16m− 1− 4)
(16m− 1)3/2 −
e
pi
4
√
16m−9(pi
√
16m− 9− 4)
(16m− 9)3/2
)
,
log
(
dN=1m
) ≈ pi√m− 3
2
logm+ log
(
pi
32
√
2
)
+ . . . ,
(D.22)
and,
(−1)k∗+1βk∗ ≈
√
2
(
e
pi
√
k∗
2
− 1
16 − epi
√
k∗
2
− 9
16
)
,
log
(
(−1)k∗+1βk∗
)
≈ pi
√
k∗√
2
+ log
(
pi
2
√
k∗
)
.
(D.23)
We can attempt to repeat the same calculation using the (ungraded) N = 2 vacuum descendants
instead (see subsection 4.1). The generating function for the N = 2 vacuum descendants is
∞∑
m=0
m∈ 1
2
Z
dN=2m q
m =
1−√q
1 +
√
q
q
1
8
θ3(τ)
η(τ)3
(D.24)
while βN=2k∗ has the generating function
∞∑
k∗=1
(−1)k∗βN=2k∗ qk
∗/2 =
1−√q
1 +
√
q
q
1
8
θ3(τ)
η(τ)3
(θ4(τ)
4 − θ2(τ)4). (D.25)
Unlike in the N = 1 case, however, the prefactor to a nice modular object is now 1−
√
q
1+
√
q q
1
8 . Now in
order to get the growth of either dN=2m or βN=2k∗ , we would need to convolve against k
∗ terms, and
we do not know how to do this sum in closed form. We can, however, numerically approximate
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the growth of both of these functions. In doing so, we get
log
(
dN=2m
) ≈ √2pi√m− 7
4
logm+
(
log pi − 25 log 2
4
)
−
(
35 + pi2
8
√
2pi
)
1√
m
+
0.00512158
m
+
0.12632989
m3/2
− 0.13532569
m2
+O
(
1
m5/2
)
log
(
(−1)k∗+1βN=2k∗
)
≈ pi
√
k∗ − 3
4
log k∗ − log
(
4
√
2
pi
)
−
(
3 + pi2
8pi
)
1√
k∗
− 0.03711448
k∗
+
0.21704365
(k∗)3/2
− 0.13028682
(k∗)2
+O
(
1
(k∗)5/2
)
(D.26)
When we take the expression for log
(
dN=2m
)
above, and use methods in Appendix C.1 to find the
number of states k
∗
2 above the vacuum, we indeed reproduce exactly log
(
(−1)k∗+1βN=2k∗
)
above.
D.2. Summary
For convenience, here we gather the key expressions derived in this appendix:
dN=0m ≈
2
√
3
pi
(
e
pi
6
√
24m−1(pi
√
24m− 1− 6)
(24m− 1)3/2 −
e
pi
6
√
24m−25(pi
√
24m− 25− 6)
(24m− 25)3/2
)
,
dN=1m ≈
√
2
pi
(
e
pi
4
√
16m−1(pi
√
16m− 1− 4)
(16m− 1)3/2 −
e
pi
4
√
16m−9(pi
√
16m− 9− 4)
(16m− 9)3/2
)
,
(−1)k∗+1βk∗ ≈
√
2
(
e
pi
√
k∗
2
− 1
16 − epi
√
k∗
2
− 9
16
)
,
log
(
dN=2m
) ≈ √2pi√m− 7
4
logm+
(
log pi − 25 log 2
4
)
−
(
35 + pi2
8
√
2pi
)
1√
m
,
+
0.00512158
m
+
0.12632989
m3/2
− 0.13532569
m2
+O
(
1
m5/2
)
,
log
(
(−1)k∗+1βN=2k∗
)
≈ pi
√
k∗ − 3
4
log k∗ − log
(
4
√
2
pi
)
−
(
3 + pi2
8pi
)
1√
k∗
− 0.03711448
k∗
,
+
0.21704365
(k∗)3/2
− 0.13028682
(k∗)2
+O
(
1
(k∗)5/2
)
(D.27)
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